Chapter 1

Review Questions

4 15

sensitivity, bandwidth, and accuracy. Finally, various types of control systems were categorized
according to the system signals, linearity, and control objectives. Several typical control-system
examples were given to illustrate the analysis and design of control systems. Most systems
encountered in real life are nonlinear and time-varying to some extent. The concentration on the
studies of linear systems is due primarily to the availability of unified and simple-to-understand

analytical methods in the analysis and design of linear systems.

REVIEW QUESTIONS

1. List the advantages and disadvantages of an open-loop system.
2. List the advantages and disadvantages of a closed-loop system.
3. Give the definitions of ac and dc control systems.
4. Give the advantages of a digital control system over a continuous-data control system.
5. A closed-loop control system is usually more accurate than an open-loop system. (T)
6. Feedback is sometimes used to improve the sensitivity of a control system. (T)
7. If an open-loop system is unstable, then applying feedback will always improve

its stability. (T)
8. Feedback can increase the gain of a system in one frequency range but decrease

it in another. (T)

9. Nonlinear elements are sometimes intentionally introduced to a control system
to improve its performance. (T)
10. Discrete-data control systems are more susceptible to noise due to the nature of
their signals. (T)
Answers to these review questions can be found on this book’s companion Web
www.wiley.com/college/golnaraghi.
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- REVIEW QUESTIONS

1. Give the definitions of the poles and zeros of a function of the complex variable s.

2. What are the advantages of the Laplace transform method of solving linear ordinary
differential equations over the classical method?

3. What are state equations?

4. What is a causal system?

5. Give the defining equation of the one-sided Laplace transform.

6. Give the defining equation of the inverse Laplace transform.

7. Give the expression of the final-value theorem of the Laplace transform. What is the
condition under which the theorem is valid?

8. Give the Laplace transform of the unit-step function, u(1).

9. What is the Laplace transform of the unit-ramp function, fu,(1)?
16. Give the Laplace transform of f(¢) shifted to the right (delayed) by 7 in terms of the
Laplace transform of f{1), F(s).
1. If £[fi()] = Fi(s) and L] f2(£)] = Fa(s), then find £[£1(2)] 2(¢)] in terms of Fy(s) and
Fa(s).
12. Do you know how to handle the exponential term in performing the partial-fraction
expansion of
10 5

FO) =G 6+2°

13. Do you know how to handle the partial-fraction expansion of a function whose denominator
order is not greater than that of the numerator, for example,
10(s> + 55 + 1)

Fo) =56+

14. In trying to find the inverse Laplace transform of the following function, do you have to
perform the partial-fraction expansion?

1
P =Gvsr

15. Can the Routh-Hurwitz criterion be directly applied to the stability analysis of the
following systems?

(a) Continuous-data system with the characteristic equation
st 458 4252 435 +267F =0
(b) Continuous-data system with the characteristic equation
s =558 + 32 + Ks + K2 =0

16. The first two rows of Routh’s tabulation of a third-order system are

s 22

£ 4 4
Select the correct answer from the following choices:
(a) The equation has one root in the right-half s-plane.

"(b) The equation has two roots on the jow-axis at s = j and —j. The third root is in the left-half
s-plane.
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(¢) The equation has two roots on the jw-axis at s = 2j and s = —2j. The third root is in the
left-half s-plane.

(d) The equation has two roots on the jw-axis at s = 2j and s = —2. The third root is in the
right-half s-plane.

17. If the numbers in the first column of Routh’s tabulation turn out to be all

negative, then the equation for which the tabulation is made has at least one root not in

the left half of the s-plane. T @
18. The roots of the auxiliary equation, A(s) = 0, of Routh’s tabulation of a characteristic equation
must also be the roots of the latter. T @&

19. The following characteristic equation of a continuous-data system represents an unstable
system because it contains a negative coefficient.

S +55+10=0 @ ®
20. The following characteristic equation of a continuous-data system represents an unstable
system because there is a zero coefficient.

4524420 ™ ®
21. When a row of Routh’s tabulation contains all zeros before the tabulation ends, this means
that the equation has roots on the imaginary axis of the s-plane. @™ ®

Answers to these review questions can be found on this book’s companion Web site:
www.wiley.com/college/golnaraghi.
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PROBLEMS FOR SECTION 2-1
2-1. Find the poles and zeros of the following functions (including the ones at infinity, if any). Mark
the finite poles with x and the finite zeros with o in the s-plane.

_10(s+2) _10(s+2)
@ )= 2 e +10) © 60 =212
10s(s + 1) N
® 66 = @352 ) 6(s) = 103(3-: Ns+2)

2-2. Poles and zeros of a function are given; find the function:
(a) Simple poles: 0, —2; poles of order 2: —3; zeros: —1, co
(b) Simple poles: —1, —4; zeros: 0

(c) Simple poles: —3, oo; poles of order 2: 0,—1; zeros: =, co

2-3. Use MATLAB to find the poles and zeros of the functions in Problem 2-1.

PROBLEMS FOR SECTION 2-2
2-4. Find the polar representation of G(s) given in Problem 2-1 for s = jw, where w is a constant
varying from zero to infinity.

2-5. Find the polar plot of the following functions:

10
@ G(jo) =Go=2)
1
G(jo) = 5 0KEE]
®) 1+2;(jmﬂ +(j‘—u“i)
G(jw) = : £>1
e 2
o DD
@) G(jw) = -
IO = o To+ 1)
— joL
© G(jo) =

(JTw+1)
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2-6. Use MATLAB to find the polar plot of the functions in Problem 2-5.
2-7. Draw the Bode plot of the following functions:

o DI
(a) G(jo) = Jo(jo + 10)( jo + 50)
s 25
®) Glie) = e — 252 +10)
- (je - 10002 + 100)
© Glio) = = - 352 + 100)
G( jw) = : 0<¢<t

gy s o %
I +2g(1w—") + (,w—)
0.03 (e + 1)
(et — 1)(3e/f + 1)(e/ +0.5)

(@ G(jw) =
2-8. Use MATLAB to draw the Bode plot of the functions in Problem 2-7.

PROBLEMS FOR SECTION 2-3
2-9, Express the following set of first-order differential equations in the vector-matrix form of

""(’) = Ax(7) + Bu(n).
d:lﬂ(t) —x1(t) + 2x2(1)

(a) di;@ = —2x(t) + 3x3(t) + 11 (1)
dx;t(t) = —x1(f) = 302 (t) — x3(t) + un(2)
dxcli—t(t) = —x1 (1) + 2x2(6) + 21 9)

® 220 _ 2~ 1s0) + 1000
"%(’) = 3x(r) — 4x2(1) - x:()

PROBLEMS FOR SECTION 2-4

2-10. Prove theorem 3 in Section 2-4-3.
2-11. Prove the integration theorem 4 in Section 2-4-3.
2-12. Prove the shift-in-time theorem, which is

Llglt—Tus(t —T) = e'TsG(s)]

2-13. Prove the convolution theorem in both time and s domain, which is
Llgi(t) x g2(8)] = Gl(S)Gz(S)
Llg1()g2(8)] = Gi(s) * Ga(s
2-14. Prove theorems 6 and 7.
2-15. Use MATLAB to obtain £{sin®2¢}. Then, calculate £{cos?2r} when you know Lj{stZt} t
Verify your answer by calculating ,C{coszzt} in MATLAB. :
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2-16. Find the Laplace transforms of the following functions. Use the theorems on Laplace
transforms, if applicable.

(a) g() = Ste™us(t)

M) g(f) = (1sin2t + e~ )u(7)
(¢) g(r)-= 2e 2 sin2t us (1)

(d) g(z) = sin2ecos2t us(t)

o0
(e g(r) = Ze_SkTB(t — kT) where §(f) = unit-impulse function
=0

2-17. Use MATLAB to solve Problem 2-16.

2-18. Find the Laplace transforms of the functions shown in Fig. 2P-18. First, write a complete
expression for g(z), and then take the Laplace transform. Let g7(¢) be the description of the function
over the basic period and then delay g7(7) appropriately to get g(¢). Take the Laplace transform of g(f)
to get the following:

F40]

1

_01_ 12 304 5|6 7 _8 '
(@)

&)

1.

0

1 2 3 4 t

()

Figure 2P-18

2-19. Find the Laplace transform of the following function.

t+1 0<r<l1
0 g

g0=9y,_, 2<t<3
0 t>3

2-20. Find the Laplace transform of the periodic function in Fig. 2P-20.

1(t)
A
1
9 ™7 T .
-1 Lo
Figure 2P-20

2-21.  Find the Laplace transform of the function in Fig. 2P-21.
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f(t)

L 2L
=L

Figure 2P-21

2-22. Solve the following differential equations by means of the Laplace transform.

® aﬂdf(t) PLAU) df| (t) +4 f(t) = e 2ug(r) Assume zero initial conditions.
dxl(') =x(f)
® dxs(t
____«;t( d =2x1(t) = 3x(t) + us(£) x1(0) = 1, x2(0) = 0
3
20 12 DAL B0 50 = -
(©)

dy, dy, . _
30 =-1 ZO)=1 y0)=0

2-23. Use MATLAB to find the Laplace transform of the functions in Problem 2-22.
2-24. Use MATLAB to solve the following differential equation:

dy

P -y = ¢ (Assuming zero initial conditions)

2-25. A series of a three-reactor tank is arranged as shown in Fig. 2P-25 for chemical reaction.

G
al. Caz . Cas
=S
Reactor 3
Reactor 2
Reactor 1
Figure 2P-25

The state equation for each reactor is defined as follows:

dc, 1
RI: 7’“ =7-11000 +100C42 — 1100C41 ~ k1ViCa1]
1
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d 1
R 92 _ L1004 — 1100C — k2V2Cao)
dt Va

d 1
&3 2683 _ L 11000C4, — 1000Ca3 — k3VaCa3]
dt V3

when V; and k; represent the volume and the temperature constant of each tank as shown in the
following table:

Reactor Vi Ky
‘ 1000 0.1

2 1500 0.2
100 0.4

Use MATLAB to solve the differential equations assuming Ca1 = Caz = Ci3=0att=0.

PROBLEMS FOR SECTION 2-5
2.26. Find the inverse Laplace transforms of the following functions. First, perform partial-fraction
expansion on G(s); then, use the Laplace transform table.

1
@ 0= Fr a6+
10

®) G(s) = m
© Gl = mu)ﬁ"’%%%ﬁ o
@ G(s) = ;(_32(%:1?)2_)
() G(s) = (TJ%)T

2 +s+1)

® 66) = L)@ + 55+

2425”5 +4e™

® G =—p1312

25+ 1
h ———
® G6) = 562 4 15+ 6

. 353 + 105 +8s+5
Gls\=————5—"7%
® Gl6) =F 53172 + 551 6

2-27. Use MATLAB io find the inverse Laplace transforms of the functions in Problem 2-26. First,
perform partial-fraction expansion on G(s); then, use the inverse Laplace transform.
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2-28. Given the state equation of the system, convert it to the set of first-order differential equation,

0 -1 2 0 =1
@A=|1 0 1| B=|1 0
-1 =2 1 0 0

3 1 =2 ~1
b) A=[-1 2 2 B=|0
0 0 1 2

2-29. 'The following differential equations represent linear time-invariant systems, where r()
denotes the input and y(¢) the output. Find the transfer function Y(s)/R(s) for each of the systems,
(Assume zero initial conditions.)

@) ddj;gt) 2% = +5dy @ 1y(1) _3dr(') +r(1)

) d;ﬁﬁ') +102280 dJ;(t d‘(jz(:) Sy(e) = 5¢(r)

© d;’g)ﬂoddytg’) Xl +y(t)+2/ly(r)dr:d—:l,(:—)+2r(t)
(d) 2 Y )+%+5v(1‘) =r{)+2r(t—1)

t

——=+2r(t) +2/r(t)dr

—00

dzy(t+l)+ dy(t+1) ()

) 5 — 45yt +1) =

(e)

13

& a2y a ) drli—2
® ;;gt) +2 d)tgt {1(:) 0 +2/>’(‘)df = r(zdt )+2r(t—2)

-
2-30. Use MATLAB to find Y(s)/R(s) for the differential equations in Problem 2-29.
2-31. Use MATLAB to find the partial-fraction expansion to the following functions.

_10(s+1)
& Gly= s2(s+4)(s + 6)
_ (s+1)
® &) = e E s
_ 5(s+72)
(©) G(s) = ZGrD6TY
58—23‘
@ G(s) = GEOP ¥
 100(s* + 5+ 3)
R R B
1
P
25° + 82+ 8s+6
R TR
4 3 2
® G(s) =Zs +95° +155° +s+2

(s +2)(s +1)°
2-32. Use MATLARB to find the inverse Laplace transforms of the functions in Problem 2-31.




Problems “ 99

PROBLEMS FOR SECTIONS 2-7 THROUGH 2-13

2-33.  Without using the Routh-Hurwitz criterion, determine if the following systems are asymp-
totically stable, marginally stable, or unstable. In each case, the closed-loop system transfer function
is given.

@ M) =D

(b) M(s) = (S—Jr;)ZTlm

© M) =555

(&) M(s) = @_ﬂ»%
(e M(s) = 33_—252“%;%
= 10(s + 12.5)

T s 4 383 5082 45+ 109

2-34. Use the ROOTS command in MATLAB to solve Problem 2-33.

2-35. Using the Routh-Hurwitz criterion, determine the stability of the closed-loop system that has
the following characteristic equations. Determine the number of roots of each equation that are in the
right-half s-plane and on the jw-axis.

(a) 5 +255% + 105 +450 = 0

() 5> +255 + 105 +50 =0

(c) * +255*+250s+10=10

(d) 2s* + 105> + 555> + 555+ 10 =0

(€) 8 +25° + 85 + 155> + 205> + 165+ 16 =0

() s* +25° + 108> +205+5=10

(g) 58 +257 + 855 + 125° 4 20s5* + 165° + 165> = 0

2-36. Use MATLAB to solve Problem 2-35.

2.37. Use MATLAB Toolbox 2-13-1 to find the roots of the following characteristic equations of
linear continuous-data systems and determine the stability condition of the systems.

(a) 53 +10s% + 105+ 130 =0

M) s* +128° +2 +25+10=0

© s* + 128 + 102+ 10s + 10 =0

(d) s* + 128 + 52 + 105+ 1 =0

(€) 5+ 65% + 1255* + 100> + 100s> +20s + 10 =0

® 5° + 125s5* + 1005® + 100s% +20s + 10 =0

2.38. For each of the characteristic equations of feedback control systems given, use MATLAB
to determine the range of K so that the system is asymptotically stable. Determine the value of K so

that the system is marginally stable and determine the frequency of sustained oscillation, if
applicable.

(@) s* +258 + 152 +20s + K =0
®) S +ES+282 +(K+1)s+10=0
© &+ (K+2)?+2Ks+10=0




Chapter 2. Mathematical Foundation

) s*
(e) s*

+20s% + 55+ 10K =0
+ Ks® +55% + 105+ 10K =0

® s*+12582 + 82+ 55+K=0

2-39.

The loop transfer function of a single-loop feedback control system is given as

K(s+5)

COHG) = i+ 1)

The parameters K and 7 may be represented in a plane with K as the horizontal axis and T as the
vertical axis. Determine the regions in the T-versus-K parameter plane where the closed-loop system
is asymptotically stable and where it is unstable. Indicate the boundary on which the system is
marginally stable.

2-40.

Given the forward-path transfer function of unity-feedback control systems, apply the Routh-

Hurwitz criterion to determine the stability of the closed-loop system as a function of K. Determine
the value of K that will cause sustained constant-amplitude oscillations in the system. Determine the
frequency of oscillation.

_ K(s+4)(s+20)

@ Gl8) = 37 700)(s + 500)
K(s+ 10)(s + 20
(b) G(s) = (ST(SL(Z)_)
K

ey Giel— s(s + 10)(s + 20)

_ K(s+1)
L S+22+3s5+1
2-41. Use MATLAB to solve Problem 2-40.

2-42.

2-43.

2-44.

A controlled process is modeled by the following state equations.

dx“”(’) = x1() - 202(t) d"fh(’) — 105, (&) + u(r)

The control u(?) is obtained from state feedback such that

u(l‘) = —kyx1 (t) = kgxz(l)
where &, and &, are real constants. Determine the region in the k;-versus-k, parameter plane in
which the closed-loop system is asymptotically stable.
A linear time-invariant system is described by the following state equations.

d’;—g’) = Ax(f) + Bu(t)

0o 1 0 0
A=10 0 1 B=|0
0 -4 -3 1

The closed-loop system is implemented by state feedback, so that u(r) = —Kx(¢), where K =
[ky k k3] and ki, k», and k; are real constants. Determine the constraints on the elements of K
so that the closed-loop system is asymptotically stable.

where

Given the system in state equation form,

ax(r)
e Ax(r) + Bu(t)

AR U
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1 0 0 1
@ A=|0 -3 0 B= |0
0o 0 -2 1
1 0 0 0
b A=|0 -2 0} B=|1
0 0 3 1

Can the system be stabilized by state feedback u(t) = —Kx(r), where K = [k; k2 k3]?
2.45, Consider the open-loop system in Fig. 2P-45(a).

Y(s)

Figure 2P-45a

dy g dz
where—gﬁ—iy——‘zand f(t):r;;-%z.

Our goal is to stabilize this system so the closed-loop feedback control will be defined as shown in
the block diagram in Fig. 2P-45(b).

Y(s)
—

Figure 2P-45h

de
Assuming f(t) = kpe + k4 T

(a) Find the open-loop transfer function.

(b) Find the closed-loop transfer function.

(¢) Find the range of k, and k, in which the system is stable.

(d) Suppose% =10and z = 0.1.If y(0) = 10 and% == (), then plot the step response of the system
with three different values for k, and k4. Then show that some values are better than others; however,
all values must satisfy the Routh-Hurwitz criterion.

2-46. The block diagram of a motor-control system with tachometer feedback is shown in Fig.
2P-46. Find the range of the tachometer constant K, so that the system is asymptotically stable.

b0}
—>

Figure 2P-46
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2-47. The block diagram of a control system is shown in Fig. 2P-47. Find the region in the K-versys.
« plane for the system to be asymptotically stable. (Use K as the vertical and e as the horizontal axis )

(0] e
(r + 5]

0

v

Figure 2P-47

2-48. The conventional Routh-Hurwitz criterion gives information only on the location of the zerog
of a polynomial F(s) with respect to the left half and right half of the s-plane. Devise a linear
transformation s = f( p, @), where p is a complex variable, so that the Routh-Hurwitz criterion cap
be applied to determine whether F(s) has zeros to the right of the line s = —ea, where o is a positive
real number. Apply the transformation to the following characteristic equations to determine how
many roots are to the right of the line s = —1 in the s-plane. +

@) F(s) =s>+5s+3=0
b) P +324+35+1=0
(©) F(s) =8> +45* 435+ 10=0
d) & +4s% +45+4=0

2-49. The payload of a space-shuttle-pointing control system is modeled as a pure mass M. The
payload is suspended by magnetic bearings so that no friction is encountered in the control. The
attitude of the payload in the y direction is controlled by magnetic actuators located at the base.
The total force produced by the magnetic actuators is f{(1). The controls of the other degrees of
motion are independent and are not considered here. Because there are experiments located on the
payload, electric power must be brought to the payload through cables. The linear spring with
spring constant K; is used to model the cable attachment. The dynamic system model for the

Disk

| I
A O MO

motor /‘— \
Magnetic Shorted
flux turns
@

Figure 2P-49
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control of the y-axis motion is shown in Figure 2P-49. The force equation of motion in the y-
direction is

2y
70 = Ko + u 220

where K; = 0.5N-m/m and M = 500kg. The magnetic actuators are controlled through state
feedback, so that
; dy(t
£ = ~Ky() ~ Kp 20
t
(a) Draw a functional block diagram for the system.
(b) Find the characteristic equation of the closed-loop system.

(c) Find the region in the Kp-versus-Kp plane in which the system is asymptotically stable.

2-50. An inventory-control system is modeled by the following differential equations:

dx;ll(t) = —x(t) + u(t)
dxp(r)
= —Ku(t)

where x;(7) is the level of inventory; x,(7), the rate of sales of product; u(#), the production rate; and K,
areal constant. Let the output of the system by y(f) = x;(¢) and 7(¢) be the reference set point for the
desired inventory level. Let u() = 7(f) — y(¢). Determine the constraint on K so that the closed-loop
system is asymptotically stable.

2-51. Use MATLAB to solve Problem 2-50.

2-52. Use MATLAB to
(a) Generate symbolically the time function of f(7)

F(6) =5 +2e % sin (2t + g) — 4e™cos (Zt =5 )+ 3¢

_ (s+1)

Cs(s+2)(s2+25+2)

(¢) Find the Laplace transform of f{#) and name it F(s).

(d) Find the inverse Laplace transform of G(s) and name it g(7).

(e) If G(s) is the forward-path transfer function of unity-feedback control systems, find the transfer
function of the closed-loop system and apply the Routh-Hurwitz criterion to determine its stability.

(f) If F(s) is the forward-path transfer function of unity-feedback control systems, find the transfer
function of the closed-loop system and apply the Routh-Hurwitz criterion to determine its stability.

(b) Generate symbolically G(s)




