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Linear Time-Invariant systems

e Linear

If X, (1) =y, (1), X, (t) = y, (1),
then ax, (t) +bx, (t) —» ay, (t)+ by, (1)

* Time-Invariant

If  x(t) > y(1),

then X(t—7) > y(t—1)
 Memoryless

y(t) = T (x(1)),

else called "dynamic ".



(1) (1)

Static model  y(+)=F(x(r))  nonlinear

3rd order polynomial — y(t) = oy + ey x(t) + a,x” (1) + a,x (1)

approximation adequate
for weak nonlinearities, Linear part
eg. LNA

Dynamic model  j(r) = F(y(r).x(t))




Nonlinearity issues

Harmonic distortions

Gain compression
Desensitization and Blocking
Cross Modulation
Intermodulation distortions
Volterra series-based model
Effect of feedback on nonlinearity



Harmonic distortions

y(t) = a,Acos wt + a, A’ cos® ot + a, A’ cos’ wt

a, A’ a A’
= a,Acos wt + —=—(1+ cos 2wt) + —— (3 cos wt + cos 3wt)
o, A’ 3a, A’ a, A’ a A’
=—2—+ (o, A+——)cos wt + —=—cos 2wt + ——cos 3wt
2 4 2 4
/ Bo B l 2 \ P3
DL ((:cc))ﬁrr;p;%nent Fundamental Harmonics

(amplitude (not of major concern
influenced by In a recelver — as out

nonlinearity) of band)



Advantages of differential circuits

Even harmonics can be
suppressed by using —| F(v)

x(r) (1)

B
|1

differential mode b LA AV
(as in Differ. Amplifien): B
| ()
( 3, A7) a, A°
v(r) = % 20,4+ — Cos@f + ———cos 3ot

In practice, only partial suppression, mismaich
corrupts symmetry between the two signal paths






Gain compression

« AsA 1, B/oA ]

* When B,/a,A =-1dB, A="1-dB compression
point”

20 log A 3 .
Br=aA+ Z%A a, <0

| 20 log

A= \/0.145

Aigs 20 log A,

o+ %0!3A21d8 = 20log ‘al‘ —1dB

%

s



Desensitization and Blocking

x(t) = A, cos w,t+ A, cos w,t,
3 3

y(t) = (oA + Za3A13 + Ea?)AlAzz)cos w,t+ .,

For A, << A, (Interferen ce),
y(t) = (a, + %053A22)A1 cos @l + ...

f a,<0, a + %a3A22 <a,

Gain of desired signal is reduced by interferer signal.



* Desensitization and Blocking

Desired signal: A cosant
Blocker (interferer): 4, cosw,f and A >> A even 1000x

yit)=| aA i cos@f+ ..

o, 4
2

( oA A4 ] Ajcosat
2

>

- -:1.’1+
\

I, J
Y

]Al cosef+ ...

Gain may drop to zero for large A,.




As block power become
excessive, signal gain is

o : reduced, equivalent noise is
< increase.

4 tZ ti
ESEmsitization GSM blocking test:

point
70 e
Wanted signal is -99 dBm
2100+ signal At 3dB desensitization
1107 noise ISNR> pOint, SNR=9dB
70 -45 P



Nonlinearity issues

Cross Modulation
If the blocker’'s amplitude varies in time the
amplitude modulation occurs at the output:

3a, A7 (1) )
Vi) =|la, +—— A cosaf+ ..

-

Extra harmonics are produced.
Similar effect for large noise imposed.

Typical of multi-channel transmitters
with a common amplifier



If the interferer is amplitude modulated:
A,cos(w,t) = A,(1+m(t))cos(w,t)

Where m(t) is the message being transmitted.

The cross modulation component becomes:

(051 +3a, AJ(1+2m(t) +m? (t)))Acos(a)lt)
The component that can be heard in our channel is:

(051 +3a, A (1+ 2m(t)))A1 cos(m,t)
= (¢, +%a3A22)(1 + 3a; A, > m(’[)jA1 cos(a,t)
a, +5 A

2a3

~ (¢, +%a3A§)[1 + 3053A22 m(’[)]A1 cos(a,t)

a,

The modulation index =» that of int.ch. When: A, =(a,/305)*0.5



Ascosasr

* Intermodulation o b+ oo A+ S A

X(t) = A,cos ot + A, cos w,t, 3 3
LA, + —a A+ = AAS
y(t) = a (A cos mt+A,cos m,t) @2 %l2T %R 3R A
2
+ a,(cos wt+ A, cos w,t) 25— @, :E%AZAlz
+ a,(cos w,t + A, cos w,t)°

2w, — o, —aAA,

®,; O, I o
2@1'@2 20)2‘0)1




Intermodulation distortions

e

2[1!-1 — Lk EII!-I {14

Corruption of a signal due to intermodulation
between two interferers (of big concern)

2“11—“12 2“12—[”1

Two-tone test for nonlinearity: A=A, and o ;~ w,



Intermodulation distortions
Third intercept point IP3

20log| a4

Ap :
x(t) = Acos@.t + A cos @t ko \

. I0oe]3 and /4
Oar. 4 I -

o
(i) :| a4+ 4 lL-::::&{’;J:r+ cos @,t )

3ar, 4° N . 0
+———cos(2@, —@, )t +cos( 2w, —@ )t )+
4 s -

3
i

ITP, = 20logA..,

For small amplitudes the fundamental rises linearly
with A, and the 3rd order intermodulation terms with A3

At IP3, |ou,A| = |34 a,A3



Two-tone Distortion

* 3rd Order Intermodulation Intercept
Point (IP3)

9 , If 0,>>0,
+ (o, + Za3A )JA cos w,t
A

3|a,

%

3
‘al‘AIP3 = Z‘as‘Aé:a = Ap; =

+ %agA?’ cos( 2w, — w,)t
3 Pps =20l0g A,
+ Za3A3 CoS( 2w, — o)t + ...




et A be the input level at each frequency
Let A, ;; be the amplitude of the IM3 products

y(t) = (e, + %%AZ)A cos w,t

+ (o, + %a3A2)A CoS w,t

+%a3A3cos( 20, — w, )t AP3:\/%|Z_;|

3




2
Awl,a)2 ~ A| P3

A ~ The IP3 can be measured with single input.
M3 A

20log A

wl,w?2

—20log A, =20log A", —20log A’

20log Ap; =5(20log A, ,, —20log A,,;) +20log A,

T4 L%P:;

2m4— Do 20— W+

2 Plas + Pinldam




20log Ap; =5(2010g A, ,, —20l0og Ay ;) +2010g A,

Main Sigrmal
A Powvwer

20 1og A i



3rd Order IM Intercept Point (IP3)

A F)out
o P -P
fundamental PIIP3 — Pin 4 out Y
§3rd IM power 2
: — 3Pm - PX
Py 2
! ....................................... - Pin i 2PHP3 N PX
Py Pin Piips 3

If Py is the minimum receivable input power, and if the

corresponding output P, is not to be exceeded by IM3, then
P., must stay below the above expression



IM2

2" order intermodulation (IM2) can be
similarly defined and computed

Main cause:

— Coupling from ant to LO (self mixing)

— Distortion in amp and mixer

— Mismatch in differential topologies

Main effect is on DC

Can be minimized with fully differential
circuit



IP3 of Cascade Networks

* |P3 of Cascade Networks with odd nonlinearity

e

Gl GZ Gtot
IP3, IP3, IP35utput
A> G2 IP3 = 1 (mW)
IP3 output 1
i IP3iGi2+IGi2+2 an

2
2stage: IP3 ., = 1 _ 1P3, - IPS, 622
1 " 1 IP3, +1P3,G,;

IP3,-G2  IP3,



np,,

x (1) L,\ ¥, (t) \ AN
N

10 = ax(O) + g0 + X’ G1=a

Y2(t) — 181 yl(t) + IB 1 (t) + /83 yf(t) G2=B1

Y,(t) = BlaX(t) + X (1) + X’ )]+ B [ax(t) + X (1) + o X ()]
+ Bilaxt)+a X’ )+, X ()]

Y, (1) =a, G X(1) + (a3 5, Wﬁ/af,bg)ﬁ (OD+........

— |4 o/
A _\/ ;| s+ 20100 401 3 ‘




1 3a },H’ alz

|
AIP31 /'81 AI2P3,2

2
1 — 1 I o

2 2 2
AIP3 AIP3,1 AIP3,2

In general:




Harmonics Distortion

y(t) = a, + aXx({t)+ a,x2(t) + a,x3(t) + -
X(t) = Acos wt

y(t) = a, + a,Acos ot + a,A*cos * ot + a,A°cos * ot + -
= B, + f,c0s wt+ B,c08 2wt + S, cos 3wt + ---




Third Order Harmonic Intercept

« As A 1, HD’s increase faster than basic

* At one point, HD3 becomes 1.

PH,P3:Psig+P;P P. +HD,/2

sig

B =l =y = |5,
1
051:ZO‘3A5||P3
Ayps = 4&
o

Puips = 20 log Ayp s



Comparison of these points

“
a3

1|, 4|\
— /__ A — /__1
Ac.m. 3 a3 IP3 3 a3

A1 -dB A1-dB AC-m ABlOCk

Pps= 10%log(3) + P +HD;/2

3

&,

&

AIP3

Atiip3

a
Avips =, [4—
| |

A

>



Dynamic Range

* Could be measured at either input or
output

« Could be based on various nonlinearity
measures

Examples: DR, = PldB,m —P

In,min

DR, =P

sf ,in

_ 2Pips + Py in _p _

—P

in,min

2(Pum - P

In,min )

3 In,min 3



Dynamic Range

out

sf,out -

I:)IM,out




¢ Volterra series-based model

y(t)= [ (7)) -x(t—7,)dr, - Linear component
+ _‘ _'h,(r,,rz)-x{t—rljx{t— r,)drdr,
T Nonlinear
+ [ [ [h(r.t. 1) X —T)x(r—T,)x(t —7,)d T, dT,dT, components
+ .
. Al g o 3
Harmonic input:  x(f) = 4dcosw,t = E('E: +e ] 1=t prder
= . o= . . ‘/""/ component 274 grder
| h(7) el — jhl(r}-ﬂ']““'dr = E”Hl (e, ) component

[ 17 )™ e ™ drdr, =™ [h(1,.7,)-e™"e™drdr, =" H,(00,.0,)

——




Volterra series-based model

H1(w) Frequency domain

H2(w1, 2) transfer functions

H3(w1, 2, ©3) (esp. useful in analysis of
mixers)

eCan be calculated from nonlinear model equations by
“harmonic balance’ approach provided the nonlinearity is
“weak”

» Represent gains for harmonic distortions when all » =
w 4, €g. for the second harmonic (assuming symmetry):

v, (1) = '*ff‘H: (®, .0, }‘ms(imzf +arg H,(0,.0,))+24°H,(0,.—o,)

Represent gains for intermodulation distortions for
arguments with different o ,respectively



Example results (details skipped)

HZ(jwla Ja)l) HD — A12 H3(ja)19 ja)la Ja)l)
H, (jo,) T4 H,(jo,)
H2(ja)19ja)2) IM 23A14 _|3(_ja)laja)29ja)2)
Hl(ja)l) * 4 Hl(ja)l)
H,P3:2\/ o) | o 2J H(j@)
H,(jo, jo, jo,) V3 H,(-ja, jo,, jo,)




Noise Issues

e Randomness of noise

e Signal to Noise ratio

e Time/frequency domain description
e Circuit noise

* Noise figure

e Sensitivity

e Spurious Free Dynamic Range



Noise Issues

Randomness of noise

Additive White Gaussian Noise (AWGN)
— random processes

Classical model:
Additive: L) + x(§) (signal + noise) typical of LNA's and Mixers

Gaussian Probability Distribution Function (PDF)

, ¥ — amplitude.
plx)= eXp——— m —mean value,
] g P .
a2 ey a -standard deviation

px)

Plx,<x<x,)= | p(x)dx

(m—-3c)<x<(m+3c) = P=099




Randomness of noise

Time dependence: X = X(t)

For stationary noise the mean (and “mean square”)
values over the probability domain, and over the time
domain are same:

[T p(x)dx —11111% [ Y(1)dt
jlil'jpli.‘i':l{fl' —171111%‘]-:': (t)dt



Signhal and noise power
X(t) = s(t) + n(t)
= j (tydt,  S(rms) = Syms =/Ps

Pnz?jo n“(t)dt, N(rms) = Nyms =+/Pn

s T — T —



Physical interpretation

If we apply a signal (or noise) as a voltage
source across a one Ohm resistor, the power
delivered by the source is equal to the signal
power.

Signal power can be viewer as a measure of
normalized power.

V2 (rms)
1Q

=V - (rms)

p diss —

20 ? & |

& . .
A measure of Normalized power |




Signal to noise ratio

D
SNR =1010g,,(=>) = 20log,( |§|

n 'ms

SNR = 0 dB when signal power = noise power

Absolute noise level in dB:
w.r.t. 1 mW of signal power

P
ImW
=30dB +10log(P,)

P,imndB,, =10log




SNR in bits

A sine wave with magnitude 1 has power
=1/2.

Quantize it into N=2" equal levels between
-1 and 1 (with step size = 2/2")

Quantization error uniformly distributed
between +-1/2"

Noise (quantization error) power
=1/3 (1/2")?

Signal to noise ratio
=1/2 +1/3 (1/2")? =1.5(1/2")?
=1.76 + 6.02n dB or n bits



T V= [0+ 0]

Vnﬂ (f) V nlirms) + n2[rm3] J)([ I)VHZ f)] df

V() R

Correlation between V,and V ,

(Correlation Coefficient)

a2 Y
V

nli{rms ) n2irms)

2 - 2 2
V an(rrﬂs + VHZ(P’?HS

no (rms )

+2CV V

n2(rms )

nl(rms )



Frequency domain description of noise

Given n(t) stationary, its autocorrelation is:
1 (T
R = lim — | _n{)n{t+7)dt
n(7)=_Tim [ n(n(t+7)
The power spectral density of n(t) is:
PSD, (1) =5,(1)=F(R,(7))
Py =] PSDy(f) df

For real signals, PSD is even. =» can use single sided
spectrum: 2x positive side

P, =j0+°o PSD, (f) df
1 single sided PSD



Time-frequency domain relation
Parseval's Theorem:

If X(1) < X(T)
U
+0 2 + 00 2
| x| dt=]" "X () df

If X(t) stationary,
Ry (7) & PSD, (f)
U

+T 2 +00
lim j_T Xt dt=R,(0)=[ PSD,(f)df

T—ow



Band—Pass
Filter

x (t) ]l e B

(a)

PSD,(f)

(b)




= White noise: Noise power 1s spread uniformly across
the spectrum (cf. white light).

log S(f)

sp=c St
J a fixed Af
7 7
-
7 Z
Y
.
% % .
f

X(1) &

Al
(TS

| ”| 1‘. ALY

l

h| i il .||”||‘I|
||| | ’”” |

e 8

= Pink noise (a.k.a. flicker or 1// noise): Noise power is
concentrated at lower frequencies (cf. pink light).

A

log S(f)

S(H=¢C/f
Constant
power for

a fixed f1/f3

X(1) &




= Usually, the noise in a device i1s a mixture of white
noise and 1// noise, where the two noise processes
are imndependent.

s 1/f noise
PSD cbﬁs ‘,,,dc-minant
DD "
L C, = SU) = Cuf White noise
S(f) = ? + Cz dominant

h J s =c
ST

[/fnoise white noise
component component

1 log f
*

I/f noise
corner

= [n general, the 1// noise corner frequency is highly
process and bias dependent.




S, (f) i BB A3) s, (f)

‘H(f )‘2 - H(S)‘s=j2nf H(S)‘s=-j27cf




k : Boltzmann’s consta

% V (f ) 4kT R T temperature (300°K
K R: 1k(ohm)

VAN (1) - —k><406nV/F e

k : Boltzmann’s constant (1.38 x 10-3JK-1)
T : temperature (300°K)
R: 1k(ohm)




r, =
V4 % ql)

R VI(f)=2kTr, = 2kT L2l

ql

Example:
ID=1mA, B =1MHz, 17nA rms




MOS Noise Model

Dominant source : flicker and thermal noise

VoS ” 2
( ) [{_; (f ) = 4/{7"(—}5.{”, . active

&

B 5 3
[2(f)=4kT/r,  :triode
nt Jo —*» constant 1
VASf)=——— 1y =
e, STy
O ]l uC,, T (J/(;‘ — J/},h)

Flicker : dominate at low frequency
p-mos has less noise than n-mos
? (holes are less traped)

I"':E(f)ﬂr/{T(z] LK
3)8g, WLC,f



* Shot noise in [ & I
» Flicker noise in I,
* Thermal noise in r, (base resistance)

I Vr'z I\,, noiseless
AKT| 1, +—— I f)

J 2gm
Thermal noise Collector current f (f) { —]

shot noise ; \

Base current shot base current flicker




Sampling Noise
« Commonly called "kT/C" noise

» Applications: ADC, SC circuits, ...

2

|
v (f)=4k,TR
me(f) B 1‘|—SRC

X

> kT
Fl:f J. m( }’}7/ — C

0

Used: .f l d/‘:_

| + -

0 @,

R
7

on



NF: Noise Figure (dB) Noise Factor

(value)
SNR, ight be for 1-Hz

NF =— bandwidth at a
SNR -
ou given frequency

For a system with no inherent noise NF =1 (0 dB)
Noisy system degrades SNR and NF > 1

I N. N_
NE =20/ Vo Now
3-:-. : "HI"'?-:I... G ' :II'T.'"
G..?I"rrl__ + _L],Illr_lil:.i.! N |"-’ _"'-,."'51?_'_'
=————=]+—"—=1+
G- Jj"'r'_“: G- *?I"’I_.;; ‘?II"TE'-*.'
> Nout — F*G*Nin F—1
] | 3 G
F Ninh = (F — 1)*N,,




Noise Figure Example

LS. i"ﬂ:'!E-‘:.E"C' "~'-IZ':.E f_- FoLar
L R, F.t:?.' I : F . !
At Y i
i "1||'||l"i' _1""—"'II+ i i _1'"1—-'"'-|- ) . —i—lll
Cf """"""""" ; F Noiseless | | -,
17 ' - P Yo
m oY - Circuit =

Input referred noise

_ 2
NIN_VRS Ncl)rllj?l r:(vn +RSIn)2
inh 2
NF:1+ outl—r:1+(\/n _l__RSIn)




Noise Figure of Cascade Networks

D

F,-1 F,-1 F-1 F,-1
1 —é— G, G, >—A—
F,-1 (F2-1)/G; F5-1 F,-1
1—& 406e) >—L

7
gV

- M




Noise Figure of Cascade Networks

F,-1 (F2-1)/G, F;-1 F,-1

1 é :J\) GlGZ G3 >
F-1 (F1)/Gy o (F-1)/G, F,-1
A Y >

(F4-1)G1GyG5

F-1 (F1)/Gy (Fs-1)/G,G, l
1 & & & 16,6,00

(




Noise Figure of Cascade Networks

N [ N [
v
-

5

16y Fro-
> g 1#}

F-1 F-1 F-1

Foi =1+

< 1 G1 GG,

Note: here G is power gain. If A, is voltage gain, G;= A2



EXAMPLE

LNA Mixer

0 ) || L
\ - + Filter

A

If the NF and gain of the blocks are:

LNA: 20dB gain, 3 dB NF (A1, F1)
Mixer: 10dB gain, 10 dB NF (A2, F2)
VGA + Filter: 80dB gain, 20 dB NF (A3, F3)

= F3_1—3dB+10dB_1 20dB -1

F.=F+—=——+ = -
SR 20dB  20dB*10db
=1.995+ ’ + 2 =2.184 =3.39dB

100 100*10



Sensitivity

NF = SR
SNROUt
SNR. = Pslg—m PSig: Input signal power

" Py Py Input noise power
P — DNin .NF.SNROU'[ — I:)Nin/HZ.BW.NF.SNROUt
P

sig—in.min dBm — I:)Nin

dBm/Hz+NF‘dB+SNR

g +10log BW
The minimum required signal power at the input terminal in

order for the circuit to achieve a specific SNR at the output,
which determines the Bit Error Rate (BER)



Input Noise Power

A\
System Matched
CP Circuit

Noise voltage: (4kTR)*0.5 /HZ"0.5
Power delivered to matched load:
P=v4aV*2 /R
Input noise power: P, = kT /Hz
At room temp: Py, = —204 dBWatt /Hz
=-174 dBm /Hz
Noise power over a bandwidth: = -174 dBm + 10log(BW)




G, =8dB S a5
NF, =10dB BW =300KHz N

L | LNA BPF, —@— BPF, —|IF Filterr— BPF; [—|Detector—
Data

G,=15dB G, =3dB G, =6dB NF5=10dB
NF, =2.5dB

F-1 F-1, F - F, -1
_|_

tot — =2.42 =3.8dB
G, G G, G G,G, GG,G,G4

P.

sig—in.min

dBm P dBm/Hz+NF dB_I_SI\IR

& +10log BW

min

= —174dBm+2.48dB +8.5dB +101log(3*10°)
=—-106.9dBm

If the received signal power is below this, it cannot be detected correctly



Example: GSM receliver

 Baseband required SNR

— 6 dB for static conditions
— 9 dB with fading

« Channel bandwidth typically 170kHz
— 10log(170000)=52.3 dB

 GSM specification required sensitivity:
—<=-102 dBm



