EE 508
Lecture 13

The Approximation Problem

Classical Approximating Functions
- Thompson and Bessel Approximations



Review from Last Time

Elliptic Filters

Can be thought of as an extension of the CC approach by
adding complex-conjugate zeros on the imaginary axis to
Increase the sharpness of the slope at the band edge
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Review from Last Time

Elliptic Filters

Magnitude-Squared Elliptic Approximating Function

_ 1
1+£°C2 (w)

He (w)

Inverse mapping to T(s) exists

For n even, n zeros on imaginary axis
For n odd, n-1 zeros on imaginary axis
Equal ripple in both pass band and stop band

Analytical expression for poles and zeros not available

Often choose to have less than n or n-1 zeros on imaginary axis
(No longer based upon CC rational fractions)

} Termed here “full order”



Review from Last Time

Elliptic Filters

1 —
L _N\/\ « If of full-order, response completely
V1+¢°

characterized by {n,g,Aq5.Q¢}

« Any 3 of these paramaters are
independent

As+ » Typically €,Q¢, and Ag are fixed by
specifications (i.e. must determine n)
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Review from Last Time

Elliptic Filters

Observations about Elliptic Filters

« Elliptic filters have steeper transitions than CC1 filters

« Elliptic filters do not roll off as quickly in stop band as CC1 or even BW

« Highest Pole-Q of elliptic filters is larger than that of CC filters

« For a given transition requirement, order of elliptic filter typically less
than that of CC filter

« Cost of implementing elliptic filter is comparable to that of CC filter if
orders are the same

» Cost of implementing a given filter requirement is often less with the
elliptic filters

« Often need computer to obtain elliptic approximating functions though
limited tables are available

« Some authors refer to elliptic filters as Cauer filters



Review from Last Time

Thompson and Bessel
Approximations

- All-pole filters
- Maximally linear phase at w=0



Review from Last Time

Thompson and Bessel
Approximations

Consider T(jw)

N(jw) _ Nr(jw)*iN(jw)
D(jw) Dgr(jw)+Dpy(jw)

phase = (T (o))~ tan—l( N (jw)j—tan‘l( BI (J'w)j

NR (jo)

* Phase expressions are difficult to work with

« WIll first consider group delay and frequency distortion



Review from Last Time

Linear Phase

Consider T(jw)

Z(T(jw))= tan_l( El (J'jw))_tan—li gl (J'_a)))]

Defn: Afilter is said to have linear phase if the phase is given by the expression

4(T ( ja))) — O where 0 is a constant that is independent of w



Review from Last Time

Preserving the waveshape

A filter has no frequency distortion for a
given Input If the output wave shape Is

preserved (i.e. the output wave shape is a

magnitude scaled and possibly time-shifted version of
the input)

Mathematically, no frequency distortion for V(1) if

Vout(t)=KV \(t-tshin)

Could have frequency distortion for other inputs



Review from Last Time
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Review from Last Time
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Example with Frequency Distortion

O A WN R O R NWASWGM
1, 1

Input
S|4
Fa T
| w
w1 3(1)1
Output
: Phase Distortion
| (No Amplitude Distortion) ‘S‘
’ 4
, T T T T I /\/E
. Y
: \/\/ I 2
- w1 3(1)1



Preserving wave-shape in pass band

Afilter is said to have linear passband phase If the phase in the passband of
the filter is given by the expression L(T ( ja))) = 0w where 6 is a constant

that is independent of w

If a filter has linear passband phase in a flat passband, then the waveshape is
preserved provided all spectral components of the input are in the passband
and the output can be expressed as an amplitude scaled and time shifted

version of the input by the expression

Vout(t)=KV \(t-tshin)



Preserving wave-shape in pass band

XINﬂ> T (S) A)&JT(S)

Example:
Consider a linear network with transfer function T(s)

Assume X, (1) = Asin(w,t+6,) + A sin(w,t+6,)
In the steady state
Xour (1) = AT (jw,)[sin(wt+8, + LT (jw,)) + A, [T(jw,)[sin(w,t+6, + LT (jw,))

Rewrite as:

Xour (1 :Am(jwl)\sm(w{ﬂ ﬂ(jwl)}elj ‘A, h(jwz»sm[wz {H ﬂ(iwz)}ezJ

W,

If w, and w, are in a flat passband, ‘T(jwl)‘ = \T(jwz)\ A[T(jw)

Can express as: W W2

Xour (1) = T(J'wl){AISin{w{H ZT(jc”l)}elJ ¥ Azsin[wz 1+ ZT(ij)}ezj}

W, W,




Preserving wave-shape in pass band

Xin(S) XouT(S
T(S) ouT(S)
Example:
Xin (1) = Asin(w,t+6,) + A,sin(w,t+6,) (i)
AW
If w, and w, are in a flat passband, [T(jw,)| = [T(jw,)|
w
ZT(] /T
Xour (1) = [T(jw,) Alsin(w{ﬁ ("*’1)}91} +A23in[w2 t+ (sz)}ezj
wl L b waw "
If w, and w, are in a linear phase passband, < —
ZT(jw,) =kw, and £ T(jw,)=kw, K
1 Teel

ZT(jw)
Xour (1) = \T(jwl)\{Alsin(w{H kwl}elj + Azsin[w2 {H k;DZ}GZJ}
wl

Xour (1) = ‘T(jwl)‘{Alsin(wl[t+k]+91) + A,sin(w, [t+k]+6, }

Xour (1) = [T(jw, )| x;, (t+k)



Preserving wave-shape in pass band

Xin(S X S
N(S) T(S) out(S)
Example:
X, (1) = Assin(w,t+6,) + Asin(w,t+6,)
A
“‘T(jw)‘ ZT H — ul)l U‘f2
_ _ jw,) = kw — .
(i) = [T(iw,) ) Zheo I
£ T(jw,)=kw, )
. w 1 S
W (*;2 - ZT(jw) h
Xour (t) = ‘T(jwl) Xin (t+k)

This is a magnitude scaled and time shifted version ot the input so
waveshape is preserved

A weaker condition on the phase relationship will also preserve waveshape with
two spectral components present

AT(jw)  w,

£T(jw,) w,




Amplitude magniudey DiStortion, Phase Distortion and
Preserving wave-shape Iin pass band

Xll\ﬂ> T (S) &T(S)

O
Seo
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Ve
~
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ZT(jw)

If w, and w, are any two spectral components of an input signal in which
\T(jwl)\ # ‘T(jwz )‘ then the filter exhibits amplitude distortion for this input.

If w, and w, are any two spectral components of an input signal in which
LT (jw,) LW then the filter exhibits phase distortion for this input.

£T(jw,) w,

If w, and w, are any two spectral components of an input signal that exhibits
either amplitude or phase distortion for these inputs, then the waveshape will
not be preserved X, . (t) = Hex,, (t+k)



Amplitude magniudey DiStortion, Phase Distortion and
Preserving wave-shape Iin pass band

Xll\ﬂ> T (S) &T(S)

Amplitude and phase distortion are often of concern in filter applications
requiring a flat passband and a flat zero-magnitude stop band

Amplitude distortion is usually of little concern in the stopband of a filter
Phase distortion is usually of little concern in the stopband of a filter

A filter with no amplitude distortion or phase distortion in the passband and
a zero-magnitude stop band will exhibit waveform distortion for any input
that has a frequency component in the passband and another frequency
component in the stopband

It can be shown that the only way to avoid magnitude and phase distortion
respectively for signals that have energy components in the interval w,<w< w, is
to have constants k,; and k, such that

T(jw)| =k,

_ } for w,<w < w,
LT (jw)=k,w



Group Delay

Defn: Group Delay is the negative of the phase derivative with respect to w

_dzT(jw)
dw

T =

Recall, by definition, the phase is linear iff ZT(jw)=kw

_dLT(joo) _ _d(kw) K

dw dw

If the phase is lineatr, 7. =

Thus, the phase is linear iff the group delay is constant

The group delay and the phase of a transfer function carry the same information

But, of what use is the group delay?



Group Delay

Example: Consider what is one of the simplest transfer functions

1
T(S):—s+1
: 1 :
T(jw)= o LT (jw)=- tan'{%}

The phase of T(s) is analytically very complicated

AT (jw) d(—tan'lw)

Tg =

dw dw
Recall the identity
d(tan’u) 1 \du
dx _(l+u2jdx
d(-tan"w) 1
TR v
Thus o1
° 1+w?

Note that the group delay is a rational fraction in w?

__dAT(jw)

dw



Group Delay

But, of what use is the group delay?

The phase of almost all useful transfer functions are complicated functions involving
Sums of arctan functions and these are difficult to work with analytically

Theorem: The group delay of any transfer function is a rational fraction in w?
From this theorem, it can be observed that the group delay is much more suited
for analytical investigations than is the phase

Proof of Theorem:
(for notational convenience, will consider only all-pole transfer functions)

1

> a,s"

k=0

T(s) =



Group Delay

Theorem: The group delay of any transfer function is a rational fraction in w?

Proof of Theorem: T(s) = 1

n

> a,s"

k=0

T(jw) = !
(1- a,w*+ a,w+...)+jw(a,- a,w’+ a;w’+...)
T(jw) = 1
J Fl(w2)+ij2(w2) where F, and F, are even polynomials in w

£T(w) = - tan'{sz (‘*’Z)J

(o)



Group Delay

Theorem: The group delay of any transfer function is a rational fraction in w?

Proof of Theorem: AT (jw) =- tan'{sz (wZ)J
R (w?)

but from identity d(tan'lu)_( 1 j@
dx  (1+u?)dx

o da(w) 1| R
¢ dw sz(wz) 2 dw
1+{ Fl(wz) ]

Now consider the right-most term in the product
d (wF, (w? d(F,(w’
d )] () CCy) - (wF, (02)) (7 ("))
F1<w ) dw dw

o )]




Group Delay

Theorem: The group delay of any transfer function is a rational fraction in w?

2
Proof of Theorem: /T (jw) =-tan wFZ(w ) Odd
Fl(wz)

Thus this term is an even rational fraction in w



Group Delay

Theorem: The group delay of any transfer function is a rational fraction in w?

Proof of Theorem:

_dLT(jw)
dw

Tg =

Even

It follows that 75 is the product of rational fractions in w? so it is also a
rational fraction in w?

Although tedious, the results can be extended when there are zeros present
in T(s) as well



Thompson and Bessel
Approximations

- All-pole filters

- Maximally linear phase at w=0

- d£T(jw)
dw

since Ts =
These criteria can be equivalently expressed as

- All-pole filters
- Maximally constant group delay at w=0
- 7. =1 at w=0



Thompson and Bessel Approximations

1
Zn: a,s"
k=0

Must find the coefficients a,, a,,... an to satisfy the constraints

T, (s) =

1
1- a,w’+ a,w*+... )+jw(a,- a,w’+ a.w*+...
2 4 1 3 5

T(jw) =

Theorem: If T(jw) = then 75 is given by the expression

X+ jy

Ay, dx
. = dw dw
G x2+y2

This theorem is easy to prove using the identity given above,
proof will not be given here



Thompson and Bessel Approximations

1
Zn: a,s"
k=0

Must find the coefficients a,, a,,... an to satisfy the constraints

T, (s) =

1
1- a,w’+ a,w*+... )+jw(a,- a,w’+ a.w*+...
2 4 1 3 5

T(jw) =

From this theorem, it follows that
a,+ w’(aa,-3a, ) +w*(5a;-3a,a,+a,a, )+ ...
i = 2 (A2 4 (42
1+ w?(a- 2a,)+ w*(a3-2aa,+2a,)+ ..

from the constraint T — ] at w=0, it follows that a,=1

To make 7. maximally constant at w=0, want to match as many coefficients in
the numerator and denominator as possible starting with the lowest powers of w?

2
from w?terms a,a,-3a, =a; - 2a,

from w*terms  5a.-3a,a,+a,a, =a;-2a,a,+2a,



Thompson and Bessel Approximations

_ 1
Zn: a,s"
k=0

Must find the coefficients a,, a,,... an to satisfy the constraints

T, (s)

It can be shown that the a,s are given by

a, = Hzgfgrn)-!k)! for 1<k <n-1
a,=H

where
L _(2n)!




Thompson and Bessel Approximations

1
Zn: a,s"
k=0

Must find the coefficients a,, a,,... an to satisfy the constraints

T, (s) =

Alternatively, if we define the recursive polynomial set by

B, =s+1
B,=s’+3s+3

B, :(2k-1) B,,+s°B,,

Then the n-th order Thompson approximation is given by

OREE

Since the recursive set of polynomials are termed Bessel functions, this is
often termed the Bessel approximation




Thompson and Bessel Approximations

va

http://mww.rfcafe.com/references/electrical/bessel-poles.htm

* Poles of Bessel Filters lie on circle
« Circle does not go through the origin
» Poles not uniformly space on circumference



Thompson and Bessel Approximations

OREE

n

Observations:

The Thompson approximation has relatively poor magnitude characteristic (at
least if considered as an approximation to the standard lowpass function)

The normalized Thompson approximation has a group delay of 1 or a phase
of w at w=0

Frequency scaling is used to denormalize the group delay or the phase to
other values



Thompson and Bessel Approximations

Use of Bessel Filters: Xin(s Xout(S
N(S) T( s) out(S)
Consider: T S) (not realizable but can be approximated)

(
T(jw) =g’
T(jw) = cos(-wh)+jsin(-wh)
T(jw) =1 £T(jw) =-hw
I ay (1) = X,sin(wt+6)
xour (1) = Xysin(wt+6-hw)

ot () = Xysin(w[t-h]+6)
This is simply a delayed version of the input

Tout (t) — 4N (t'h)

—dZT(jw
U9 o (0= ()
w
So, output is delayed version of input and the delay is the group delay

/‘\

But
Tg =




Thompson and Bessel Approximations

—

Use of Bessel Filters: Xin(S) T(S) - Xout(s)

T(s) =e™

_ _ =
Tl =1 () =he =t
It is challenging to build filters with a constant delay

A filter with a constant group delay and unity magnitude introduces a constant delay

Bessel filters are filters that are used to approximate a constant delay

Bessel filters are attractive for introducing constant delays in digital systems

Some authors refer to Bessel filters as “Delay Filters”

An ideal delay filter would
- introduce a time-domain shift of a step input by the group delay
- introduce a time-domain shift each spectral component by the group delay
- introduce a time-domain shift of a square wave by the group delay



Thompson and Bessel Approximations

el

Characterization of the step response of a filter

From Introduction to the Theory and Design of Active Filters by Huelsman and Allen, p. 94-96



Thompson and Bessel Approximations

Step Response of Butterworth Filter

Delay is not constant
Overshoot present and increases with order
BW filters do not perform well as delay filters

From Introduction to the Theory and Design of Active Filters by Huelsman and Allen, p. 94-96



Thompson and Bessel Approximations

Step Response of Chebyschev Filter

Delay is not constant
Overshoot and ringing present and increases with order
CC filters do not perform well as delay filters

From Introduction to the Theory and Design of Active Filters by Huelsman and Allen, p. 94-96



Thompson and Bessel Approximations

'l'h
4
lj{
itr= 3
]

Step Response of Bessel Filters

Delay becomes more constant as order increases

No overshoot or ringing present

Bessel filters widely used as delay filters

Bessel filters often designed to achieve time-domain performance

From Introduction to the Theory and Design of Active Filters by Huelsman and Allen, p. 94-96



Thompson and Bessel Approximations

Comparison of Step Response of 3'-order Bessel, BW and CC filters

From Continuous-Time Active Filter Design by Deliyannis, Sun and Fidler



Thompson and Bessel Approximations

09 l :t%\ E) K:W\-h\-u[l

08 N\ \ A o

7 ARYATARLLL Harmonics in passband of
;L 'R Bessel Filter increase with n
T \ LY
Eﬂj \ \ \\ \

03 \ \": \\

0.2 | \ \\\'\\‘

.l \\x\t\

?ﬂ ! g 0!

Mormualized Freguency
Figure 10.3 Delay of Bessel-Thomson filiers of orders 2 through 10

i
-5
g 10}
2 Attenuation of amplitude for Bessel
g " does not compare favorably wth
2w BW, CC, or Eliptic filters
-25 ) ' s |
]:_lltm.ﬂrbr'[h ﬂ\ \ 1.I1 E

-3l
1! e L
Radian Frequency

Figure 104 Comparison of Bessel-Thomson and Butterswonh re-
spoises of onders 4 and B

From Design of Analog Filters by Schaumann and Van Valkenburg, p405



Thompson and Bessel Approximations
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From Continuous-Time Active Filter Design by Deliyannis, Sun and Fidler

Magnitude of Bessel filters does
not drop rapidly at band edge

Phase of Bessel filters becomes very
linear in passband as order increases



Thompson and Bessel Approximations

Comparison of Phase Response of 3'9-order Bessel, BW and CC filters

From Continuous-Time Active Filter Design by Deliyannis, Sun and Fidler



End of Lecture 13




