EE 508
Lecture 23

Sensitivity Functions
« Transfer Function Sensitivity
« Examples



Review from last time

Corollary 3:  Ifall op amps in an RC
active filter are ideal and there are k,
resistors and k, capacitors and if p, is any
pole and z, Is any zero, then

Ky K2 Pk — __

i:zlsgf: -1 i:zisc, 1
and " K, ]

¥ Sh= —1 ¥Si= —1



Review from last time

Corollary 4:  If all op amps in an RC
active filter are ideal and there are k,
resistors and k, capacitors and if Z, IS any
iInput Impedance of the network, then

Kq K,
Z SFZ;N _ Z S(Z;I.N — 1
i=1 ! i=1 !



Bilinear Property of Electrical Networks

Theorem: Let x be any component or Op Amp time constant
(15t order Op Amp model) of any linear active network
employing a finite number of amplifiers and lumped passive

components. Any transfer function of the network can be
expressed in the form

T(S):NO (s)+xN,(s)

D, (s)+xD,(s)

where Ny, N,, Dy, and D, are polynomials in s that are not dependent upon x

A function that can be expressed as given above is said to be a bilinear

function in the variable x and this is termed a bilateral property of electrical
networks.

The bilinear relationship is useful for

1. Checking for possible errors in an analysis
2. Pole sensitivity analysis



Review from last time

Root Sensitivities

Consider expressing T(s) as a bilinear fraction in X
r(s)=Ne(9)N,(5) _N(s)
D, (5)+XD,(s) D(s)

Theorem: If z;, is any simple zero and/or p; is any
simple pole of T(s), then

| e =) 2

\dzi) \dpi/

Note: Do not need to find expressions for the poles or the
zeros to fine the pole and zero sensitivities !



Review from last time

Root Sensitivities

szxapi:_[xj (p)
" pi 6X pl (p )
op;

Observation: Although the sensitivity expression is
readily obtainable, direction information about the pole
movement is obscured because the derivative is
multiplied by the quantity p; which is often complex.
Usually will use either 9P, or

OX
épi _ L% _ _( X j Dl(pi)

- ;| OX P

(P.)
g‘ op, which preserve
direction information when wotking with pole or zero
sensitivity analysis.



Example: Determine Sg for the +KRC Lowpass Filter for equal R, equal C
1

Cy
)] T(S)_NO(S)+><N1(S)
Ry R Vour D, (S) +XD, (S)
AN
Vin C, T épi _ X apl _ [Xj Dl(pl)
X
K(s)= Ko \P.\ OX ‘pi‘ aD(pi)
|
KO
T(S): R1F‘>2clcz
> 1 1 (1 Ko) 1 » 1 1 1 1
Ss°+s + +K,7S| s°+s + + +
R.C, R ,C, R,C, RR,CC, RC, R,C, R,C,| RR,CC,
write in bilinear form Ko
T(s): R,C.C,
[ 1 1 (1} 1 } , 1 (1K) L {1 1m
S—+ +Kors| s— |+ +R,| s°+s + +K,7S| s°+s +
C, RCC, C,) R,CC, R,C, R,C, R,C, R,C,
evaluate at 1=0 Ko
T(s)= R,

et P



VIN

Example: Determine Sg for the +KRC Lowpass Filter for equal R, equal C
1

Ci
Y N, (S)+xN, (s
)| T(S):DO( )+ D( )
R1 Rz : Vout o(S) X 1(5)
— VNV —
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Example:
Cy
N |
J
Ry R > Vour
ViN C, 1
I<0
J7 K(S) 1+K,zs
p2+p_ 1 +(1'Ko)
& _ X P :_( 1] R.C, R,
Ry
p,| Ox P 2p, _|_woj
Q
1
& _ X op, _[ 1]RR cC,
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Determine Sg for the +KRC Lowpass Filter for equal R, equal C
1

Sp, _ X 0Py _( X ,(p))
X
pox  \py (5D(pi)j T(s)
op;
I<0
T(S): RR,CC,
) { 1,1 (1-K0)} 1
S°+s + + +
RC, R,.C, R,.C, | RR,CC,
{ 1,1 (1K, )} 1
p°+p + =
RC, RC, RC, | RR,CGC,
1 (1 Ko) |_ 1 1
p°+p = - P
R,C, RC, | RR,CC, RC,



Example: Determine Sg for the +KRC Lowpass Filter for equal R, equal C
1
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R R W+ p 1
1 —mw—;b Vour Sp _ X op. :( 1 ] ° "R,
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Transfer Function Sensitivities

QT _ QT(w)

S=jw

S-)I(_(jw) — S)-(I-(Jw) 4 JGS)@( where 0=/T(jw)

S'®=Re ( Sl(iw))
Si=_ Im(S[*)



Transfer Function Sensitivities

then S — -

If T(s) is expressed as  T(s) =

g1l _ XD (S)Ni(8)-No (5)Dy(s) ]
“ (Ny(s)+xN,(s))(D,(s)+xD;(s))




Band-edge Sensitivities

The band edge of a filter is often of interest. A closed-form expression for
the band-edge of a filter may not be attainable and often the band-edges
are distinct from the w, of the poles. But the sensitivity of the band-edges
to a parameter x is often of interest.

T(jw) 4

Want Sw . 8wc X



Band-edge Sensitivities

T(jw) 4

-
We W

Theorem: The sensitivity of the band-edge of a filter is given by the expression

ST(Jw)‘
Sy = ST(w)

W=W¢



Band-edge Sensitivities
T(jw) {

Proof:

e T (jw) _ AT (jw)

ow AW
| | 0T (jw)
OT(jw) _AT(jw) Ax _ ox
ow AX AW ow

OX

ey



Band-edge Sensitivities

. | T (jw)
OT(jw) _AT(jw) Ax _— ax
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0T (jw)
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ow  OX T(jw) (w)
ox 0T (jw) w \X
ow T(jw)
0 T(jw) X
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Sensitivity Comparisons

Consider 5 second-order lowpass filters

(all can realize same T(s) within a gain factor)

R L
ANN——0119 Vour
V|N$ — C
Passive RLC
C,
I/
1C
AV ANV
R3 R1 R2
—W———— ] C2
VIN
j+ VOUT

Bridged-T Feedback

VIN

Cy
| [
I\
«?Al» W K
Vin i Vour
C,
+KRC
AVAYAYA
R1 RQ
C R
R |t R, G2 A
AV

Two-Integrator Loop

VOUT



Sensitivity Comparisons

Consider 5 second-order lowpass filters

(all can realize same T(s) within a gain factor)

Vour

Rs
AAAA
— A
R; R R4 Rs
ANN—T AN
.
Vin c c, T K = 2_

-KRC Lowpass



a) — Passive RLC

R L
6009 Vourt
Vu\é) — C
J
T(S) — Vour — %C
V, >, R
S +Sf+%c



b) + KRC (a Sallen and Key filter)

C,
AY
/|
Rl I:QZ
SAVAVAVA
j Vour
Vin C, T~ AAA A
Rs
-
K = 1+&
R4
kK
T(S) _ RR,C.C,
s°+s ! (\/Rlcl +\/R2C2 +\/R1C2 —K /RlclJ o1
JRR,C,C, R,C, RC, \R,C, R,C, RR,C.C,
1

Q =
w, = ; [\/Rlcl +\/R2C2 +\/R1C2 K R1C1 j
\/R1R2C1C2 R,C, \RC, \R,C, R,C,



Case bl : Equal R, Equal C

1 [cC,
21\C,

\




c) Bridged T Feedback c,

j i Vour

S°+s ( /Czj 1 \/R1 +\/RZ +\/RlRZ ot
Cl \/R1R2C1C2 R3 Rl Rs R1R2C1C2
W, = _ 1 Q= .
\RR.CC, [ \/C j[ JRl \/R JRleJ
+ +
C, \I\R, \R, R,

If R,=R,=R,=R and C,=9Q?C,

T(s) =

9Q°R*C?

T(s) = n ;
SZ+SH . H+ .
3Q°RC, )| 9Q°R’C?




d) 2 integrator loop

— W
R, Ro
Cl/ Co/ Ry
’\/I?/C\)ﬁ N R 1§ R; AN
Vi ) AWV AW L
Vour
R, 1 -
T(s) = R, R,R,CC, @, = R,
R3 RORZClCZ

) [ 1 ] R, 1
S +S + °
R.C, ) R, RyR,C,C,

o- R [C
JRR, \/ C,

For: Ro: Rl — R2: R C1 — C2: C R3 = R4
1
T(s) = - R°C”

. [ 1 1
S°+S tT—=
R,C) RC




d) - KRC (a Sallen and Key filter)

R
AVAVAYA
—VVV—
R R, R4 Rs
NN T ANV Vour
> R
Vin C, T CZ/\ K = R_j
N K
T(S) - . RR,C,C,
SZJ’S[[lJ’le(l}{“CZJK 1 }{ 1 ﬂ+1+(R1/R3)(1+K)+(R1/R4)(1+R2/R3+R2/Rl)
RS 1¥1 1 RZCZ R4(:2 R1R2C1C2
\/1+(R1/R3)(1+K)+(R1/R4)(1+R2/R3+R2/R1)
RR,C,C,
_ [H(R/R)(1+K)+(R/R,)(1+R, R +R,R,) Q= e c . .
o RR,C,C, [l-'_lf\’lj(RC J+(1+CZJ(R C JJ{R C ]
JS+K0
Often R,=R,=R,=R,=R, C,=C,=C Q=

5
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How do these five circuits compare?
a) From a passive sensitivity viewpoint?

- If Qis small

- If Qis large

b) From an active sensitivity viewpoint?

- If Qis small
- IfQislarge

- If tw, is large



Comparison: Calculate all w, and Q sensitivities

Consider passive sensitivities first

a) — Passive RLC R L
—ANN—6T10 Vour
Il
gm-_1
2 Q :1 \/i
Sgo — _ 1 R C
S2=-1 1
1 TG
Se=-=
©2



Case bl : +KRC Equal R, Equal C

_ 1
° RR,C,C,

S% =S -5 =S% -5
S8 -Q-2

S%z—Q+%

S2 =20

S¢ =-2Q +%

Sy =30-1

1

Q =
R1C:1 + RZCZ + R1C2
RZCZ Rlcl RZCI
Wy __
1
3—-K
1
RC

K R1C:1
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Tt Q, =10, wRH- ‘\t”lu&{f‘
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- &2 @ a0
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Y
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Case b2 : +KRC Equal R, K=1

1 Q= :

@ = e [ J RC, , \/ch2 . \/Rlcz « R1C1]
RZCZ I:Qlcl R2C1 RZCZ

St =S =S =S =—% S =0
S

Sk =0 .
SQ =2 ook
a2

s3 = °= e



c) Bridged T Feedback

Q= 1
_ 1 C, | [R., R, JRR
wo = 2 1 + 2 + 12
RR,C.C, C, VR, VR, R,

For R;=R,=R3=R

Sy -Sy-Sy-Sp--2  Sp=0
0=
o _ 1 °  RC,
R, 6
1
SR == _ 1 ]C;
Rs 3 Q_ § C_2
1
S
C, 2
1
se =1
c: 5



d) 2 integrator loop

For:

o = R, 1
i R; RR,C,C,

R=R,=R,=R

1

O QU _ QW _ QW QW _
SR]_ _SR2 _SR3 _SC]_ _SC2 2

5% =57 =%

1

SQ —sQ ==

R, C: "9
S -1

S2 =0

_QQ _
=SQ =-

1

2




d) -KRC passive sensitivities

1+(R,/R,)(1+K)+(R,/R,)(1+R, /R, +R, /R,)
o, = Jl+(Rl/R3)(1+ K)+(R,/R,)(1+R,/R, +R,/R,) RR,C.C,

RR,C,.C Q=
1212 1+& i N 1+& 1 N 1
R, \RC, c, \R,C,) \R,C,

For R,=R,=R;=R,=R, C,;=C,=C _
Q= = RC
1 1 1 1 3
Py SREytmgr ST atmg
1 25Q 2 2 25Q © 2 50Q
o o L o 3 | 1
SCS_SCZ__ Rk — 2 Kk =5 7F 2
2 50Q 2 100
o 1 1 o _ 1,1 o_ 3,3




Passive Sensitivity Comparisons

Swo SO

Passive RLC < % 1.1/2
+KRC

Equal R, Equal C (K=3-1/Q) 0,1/2 Q, 2Q, 3Q

Equal R, K=1 (C,=4Q%C)) 0,1/2 0,1/2, 2Q?
Bridged-T Feedback

0.1/2 1/3,1/2, 1/6
Two-Integrator Loop 0,1/2 1,1/2, 0
-KRC
less than or equal to 1/2 less than or equal to 1/2

Substantial Differences Between (or in) Architectures



How do active Sons! tlvitles

Compare ?
@
W o ~
g = S, °¢
t
k=
fa
. 2% X
R-@call S‘x - <
p
.;.-"‘I._,. -d!l-‘f
5o ﬂf - B gx

bat € X is ideally O, not uswld



Where we are at with sensitivity analysis:

Considered a group of five second-order filters
Passive Sensitivity Analysis

» Closed form expressions were obtained for w, and Q
» Tedious but straightforward calculations provided passive
sensitivities directly from the closed form expressions &) ???

Active Sensitivity Analysis

» Closed form expressions for w, and Q are very difficult or
impossible to obtain .

If we consider higher-order filters

Passive Sensitivity Analysis

» Closed form expressions for w, and Q are very difficult or
Impossible to obtain for many useful structures

Active Sensitivity Analysis

* Closed form expressions for w, and Q are very difficult or
impossible to obtain

Need some better method for obtaining sensitivities when closed-form
expressions are difficult or impractical to obtain or manipulate !!



Relationship between pole sensitivities
and o, and Q sensitivities

A Im
P X

p=-a+f
D,(s)=(s-p)(s-p*)

D,(s)=(s+a-jB)(s+a+|B)

Dy(s)=s*+s(2a)+(a*+B?)



Relationship between active pole sensitivities and
0, and Q sensitivities

Define D(s)=Dy(s)+t D,(S) (from bilinear form of T(s))

-D
Recall: sf = 1(P)
oD(s)
0s s=p,1=0
Theorem: Ap = 7o'
Theorem: Aa = TRe(of)
A =7Im(s")
Theorem:

Awg 1 Aa 1 AB @z_zQ 11 Ao 1 AR
= ¥ Q 4Q2 Jwo \~ 4Q? wo

wy 2Qug | 4Q2 wp

Claim: These theorems, with straightforward modification, also apply to
other parameters (R, C, L, K, ...) where, Dy(s) and D,(s) will change since
the parameter is different
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Tahle 10-1 KRS Realization
(see Fig. 10-30)
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334 Second-Order Low-Fuss Merworks
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c) Bridged-T structure

Tabkle -3 Infinite-gain Realization
{ace Fig. 10-10k)
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d) Two integrator loop architecture

— T e T

—— . —— . —_—— —_—

Table 10-4  Three-Amplifier Realization
(sea Fig 10-18)
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d) Two integrator loop architecture
Reailzarion with Thiee Opevationgd Amplifers {fdeal) kE]
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e) -KRC

Equal-R, Eq.t;af—C
V54 K, Q_x/5+fi"u

@ =" RC - s
|
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V‘_ ] 3" 2 i 2 2 3 1 2
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Active Sensitivity Comparisons

Awg AQ
Passive RLC U)O Q
+KRC
2 1(. 1)
Equal R, Equal C (K=3-1/Q) '}(3'ij 0 -5(3-—j TWq
2\ q) 0 Q
EqualR, K=1 (C,=4Q%C,) -QrWwg Qrwq
Bridged-T Feedback 3 1
-~ QrWwq - Q7w
Two-Integrator Loop -TWq 4Q z-U)O
5
KRG —Qrw 3
5 Q7Wo 25Q37wyq

Substantial Differences Between Architectures



Are these passive sensitivities acceptable?

Swo SO

Passive RLC < }/ 112
S 75 ,
+KRC
Equal R, Equal C (K=3-1/Q) 0,1/2 Q, 2Q, 3Q
Equal R, K=1 (C,=4Q%C)) 0,1/2 0,1/2, 2Q?

Bridged-T Feedback

0,1/2 1/3,1/2, 1/6

Two-Integrator Loop 01/2 1,1/2, 0

KRC less than or equal to 1/2 less than or equal to 1/2



Are these active sensitivities acceptable?
Active Sensitivity Comparisons

Passive RLC

+KRC

Equal R, Equal C (K=3-1/Q)

Equal R, K=1 (C,=4Q2C,)

Bridged-T Feedback

Two-Integrator Loop

-KRC

A(DO AQ
W 6
2
2 1 1
1 1 = 3-=
eafmo alra)m
-QTU.)O QTU.)O
1
-gQTU)O —QZ’U)O
-TWq 4QTU)O
S
5 Q7Wo 25Q 7wy



Are these sensitivities acceptable?

Passive Sensitivities:

Aw AX
0 ~ S ‘:o -
W X

0

In integrated circuits, A R/R and A C/C due to process variations can be K
30% or larger due to process variations

Many applications require Aw,/w,<.001 or smaller and similar requirements on AQ/Q

Even if sensitivity is around Y2 or 1, variability is often orders of magnitude too large

Active Sensitivities:

All are proportional to Tw,

Some architectures much more sensitive than others

Can reduce Tw, by making GB large but this is at the expense of increased power
and even if power is not of concern, process presents fundamental limits on how
large GB can be made






