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Pulsed Eddy-Current Response
to a Conducting Half-Space

John Bowler,Member, IEEE and Marcus Johnson

Abstract— Eddy-current nondestructive evaluation is Laplace transforms are reducible to standard forms and can be
commonly carried out using single frequency time harmonic eyaluated exactly using contour integration.

excitations, but a pulsed excitation offers a simple and effective Our starting point is the frequency domain electromagnetic
alternative. The pulse signals have been calculated for a probe

coil whose current rises and falls exponentially, approximating field due to a circular purrent filament whose axis is _nor.mal
a square wave when the exponentia| time constant is small. to the Surface Of a Un|f0rm ha|f—Space Conductor. ThlS f|e|d,
Predictions of the induced electromotive force (EMF) across a given by Wait [2] and later by Hammond [3], is expressed
coil above a half-space conductor and of the magnetic field on the jn the form of spatial frequency integrals of the Sommerfeld
coil axis have been compared with experiments. The comparison e jnyolving the first-order Bessel function. A superposition
shows excellent agreement between theory and experiment. . . . - S

of the filament solutions gives the time-harmonic field due

Index Terms—Eddy current, half-space, pulsed, transient. to a coil of rectangular cross section [4]. For a half-space
conductor, the resulting equation can be transformed into
I INTRODUCTION the time domain analytically. Here the Sommerfeld spatial

. ) frequency integration is carried out using a standard numerical
ULSED eddy-current measurements rival single and Myleihod [5] to give the transient coil electromotive force (EMF)
tifrequency testing for many of the common applicationg,q the electromagnetic field.

in nondestructive evaluation such as the detection of defectsC|Ose|y related problems to those that arise in eddy-current

thg measurement. of conductivity, and the estimation of t_'i‘@sting occur in the theory of geophysical surveying where
thickness of coatings. The basic advantages of a transigil interaction of electromagnetic fields with the earth is
system are, first, that the circuitry is relatively S'WD"E COMstudied. In this context, Wait has derived an expression for
pared with that needed for broad band alternating CUITefl (ransient field due to a filamentary coil excited by an
testlng and, se_cond, thatas_mgle transient response Coma'”ﬁl?t%mtaneous step current [6]. Following Wait, a number of
much information as an entire spectrum of frequency domaifhers have considered the same solution [7], [8]. In the present
excitations. In order to extract the information and thus real;?per a more general problem is considered in which transient
the full potential of pulsed eddy-current testing, the signalgynas for coils of finite cross section have been calculated by

must first be analyzed. As an aid to transient signal analysignsidering a pulse excitation with a finite rise time. This is
this paper examines some basic aspects of the theory of pulgedmple generalization of the idealized case of a unit step

eddy-current testing. _ _ current excitation [9].
Theoretically, a transient field or an induced voltage is

related to the corresponding time-harmonic complex amplitude
II. CoL EMF

through the Laplace transform. Consequently, results from an

analysis of alternating fields can be used to determine theConsider a coil of rectangular cross section whose axis is

variation of the probe signal or the electromagnetic field withormal to the surface of the conductor. The coil carries a

time. In order to evaluate the time domain field or signdlrescribed current varying in time as

it is necessary to carry out an inverse Laplace transform,

but an exact inverse is not always available. For example, I(t) = Io(1 — 7™ )u(t) 1)

the frequency dependence may be too complicated or simply

not of a form that can be integrated by exact methods. Owderer is the characteristic rise time of the current, arfd)

possible recourse is to express the original solution in terri$sa unit step functionu(t) = 1 for ¢ > 0 but is otherwise

of a Fourier transform rather than a Laplace transform a@€ro. The induced current in the conductor, generated by the

compute the time dependence numerically using a fast Foureé&anging flux surrounding the coil, increases initially but then

transform (FFT) [1]. However, in the present study, the inversigcays to zero as its energy is dissipated and the primary
magnetic field due to the coil tends toward a steady state. By

Manuscript received May 6, 1996; revised October 18, 1996. This Woﬁ@mp“ng the coil EMF as a function of time, the relaxation Qf
was supported by the Ministry of Defence and the Structural Materials Centthe eddy-current field can be measured and the observations

DRA, Farnborough, U.K. related to the probe and material parameters. For example,

The authors are with the Department of Physics, University of Surrey, . . . . .
Guildford, Surrey, U.K. P Y b it is possible to infer the conductivity of the material from
Publisher Item Identifier S 0018-9464(97)02089-X. the probe signal. In making precise measurements, practical
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Fig. 1. Equivalent excitation coil circuit.
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Fig. 3. (a) Coil current as a function of time with a source time constant
70 = 20 us. (b) Coil EMF variation as a function of time in free space, solid
line, and in the presence of a conductor dashed line.
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problems arise due to ringing of the coil EMF. Ringing occurs 50

at the probe‘s resonant frequency which is lowered due to 0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0 400.0
stray capacitance in the leads. The effect can be mitigated by
increasing the excitation time constart

An idealized equivalent circuit of the system, shown in Fig.
1, is applicable to the case where the probe is in free space. V 0.204
is a bipolar square wave, the amplitude of which determines
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Fig. 2. Measured coil current normalized betwekth and compared with
that given by (1) forrg = 275 us.

Induced emf (V)

Time (micro sec)
@

the amplitude of the coil curredt(t). The time variation of the ~ £ 0151

coil currentry in (1) is determined by a first-order RC filter, the 3

values of R and C being 4048 and 0.068uF, respectively. ® 0-101

A transconductance amplifier ensures that the coil current is§’ 0.05)
= 0.

proportional to the filter output voltage and is independent of
the series resistance of the coil. Fig. 2 shows a comparison of ' i . ‘ . ] ' ‘
the measured coil current and that predicted using (1) for a 0.0 50.0 100.0 150.0 200.0 250.0 300.0 350.0 400.0
time constanty of 275 us wherery is equal to the product Time (micro sec)
of R and C in Fig. 1. ®)

If the coil resistance is neglected, then the coil current and _ , _ ,

. g . . Fig. 4. (a) Eddy-current signal defined as the induced EMF for the caoil

the induced EMF across the coil will vary as shown in F'gn free space minus the induced EMF in the presence of the conductor. (b)
3. Also shown in Fig. 3 is the coil EMF as a function of timentegrated eddy-current response.
in the presence of a conducting workpiece. The difference
between the two voltage transients, in free space and on ghdted to the prediction of the coil EMF due to induced currents
conductor, is due to the induced EMF arising from the eddgr the response of a Hall sensor located on the coil axis. Instead
current field as shown in Fig. 4. Circuit theory alone is ndhe problem must be examined using field theory.
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Ill. FIELD THEORY where J; is a first order Bessel function of the first kind and
The required solutions of Maxwell's equations may b% 27[ e—rl===l +F(m,s)e‘“<z+z')], z>0
found by using the Laplace transform, written as (k,5,2,2') 21 T(, 3)6”/(4+4 ), 2<0
" 9)
= / F(t)e™** dt. (2) with vy = (k2 + sua)l/Q, taking the root with a positive real
part.
The corresponding inversion formula The field due to a filament has the properties of a Green'’s
1 function in that its first-order derivative with respect4das
F(t) = f( et ds (3) a jump atz = 2/, and similarly the derivative with respect

2mi to p is discontinuous ap = p’. Consequently, the second-

recovers the variation in time of the functidki(¢) from its order derivatives are symbolically related to delta functions.
Laplace transformf(s). The Bromwich contourBr is the The half-space transverse electric reflection and transmission
usual path of integration in the complexplane parallel to coefficientsI'(x, s) and T(x, s) are given by
the imaginary axis, passing to the right of any poles. In the T 2k
analysis below, the initial solutions considered are of the formL'(x,s) =~ ~——and  T(s,s) = PP (10)
f(s)e®*. Equation (3) then synthesizes the time dependence a i ' i
from the corresponding domain solution. More commonly, Through the presence of these coefficients, the surface acts
the time dependence is defined by the real part of the ph&se@ spatial frequency filter. At low spatial frequencies, the
factor =, but the Laplace formalism means arappears reflection coefficient approachesl and in the high spatial
in place of the—iw. frequency limit, it tends td:,.—1)/(p-+1). The transmission

As is usual in eddy-current problems, the displacemef@efficient, on the other hand, increases from zera, i}, +
current has been neglected. A coil carrying a curtgpt), 1] @s the spatial frequency increases from zero.
whose axis is nhormal to the surface of a half-space conductor
and whose turns density i&(p,z), excites an azimuthal IV. CoiL FELD

electric field satisfying The field is linearly dependent on its source. Therefore, the
92 19 1 92 superposition principle may be used to write the solution of (4)
{a—pQ + S0 2 + W} E(s,p,z)=—posZ(s)N(p,z)  and (5) for the azimuthal electric field in terms of the solution

z2>0 (4) of (6) and (7) as

in air and E(S,p,z) = NOSI(S)/O /0 G (37p72|plvz/)

|:a—2+12—i+a—2—8u0:|E(3p7):() 2 <0 .N(p/,z’)p/dp/dz/, (12)
2 2 2 < <
0% 0O P70 (5) The electric field above the conductor may be written as

in the conductor. It is not necessary to derive the complete E(s,p,2) = Eo(s,p, z) + AE(s, p, 2) (12)
solution because the time harmonic filament solution discussed

by Hammond [3], and the more general case of a rectangui@parating the free spacéy(s,p, z), and reflection terms,
coil developed by Dodd and Deeds [4] forms the bas®E(s,p,z). Combining (8), (9), (11), and (12) gives
elements for all the results developed here. The elemental

solution needed is the azimuthal electric field due to a circular £o(s, ; 2) —uosf / / / el

current filament of radiug’ at a heightz’ in air above a
half-space conductor. The required field satisfies

|: 52 18 1 52 :| and

AFE(s,p,2) ——uosI / / / (k,8)e —r(e+2")

-G (37 Ps z|p’,z/) = _6(p - pl)é(z - Z/)/p N(p z )Jl [{p)Jl(lﬁ;p ) dlﬁ;p dp dz. (14)
z>0 (6)

“N(p', 21 (kp)Ji(kp") dr p'dp’ d2 (13)

32 " pop 2o

Note that the integral ovet in (13) can be evaluated in terms
in air and of elliptical integrals [10], using a standard form [11]. By
2 18 1 o2 o changing the order of integration, (14) can be written
|: _SNO—:| G(s,p,z|p’,z') =0

St -t s oo
2 2 2 1 )
9p* ~pdp pr 0Oz AE(s,p,z) = 5#031(3)/ T(k,s)e™™ T (k)J1(kp) dk
0

2z <0 (7)
(15)
in the conductor. From Hammond [3], the solution vanishinghere 7 () is defined in terms of integrals over the coil turns
asp — oo and|z| — oo is density function as

G (oo Al #) = [ Glos. 2V BV Do (8) Jw= [ [ N2 hisodp = )
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which is a combination of a Hankel transform in the radial VI. PROBE RESPONSE
coord@nate and a Laplace transform with respect to the Z1na induced EMFE in a probe coil in free space and the EMF
coordinate. _ _ _due to the field reflected by the conductor are given by

For a cylindrical coil of rectangular cross section and with
the coil turns densityh constant over the cross section, we 1
have 7 s:—/E r,s) - J{r,s)dr

ol5) = 7755 /. Boless) - 3(w.s)
_n, aa<p<a —b<z—h<b 1
N(p,z) = {0, otherwise. 17) v(s) = 0] /Q AE(r,s) - J(r,s)dr (24)

Herea; is the outer radius of the coil ang the inner radius.
The axial length is & and 4 is the height of the coil center
above the surface of the conductor. From (16) and (17) it
found that

respectively, whereQ? is the coil region. For an axially
§gmmetric system and a coil with a uniform turns density, the
coil current is given by (16) with (17), the free space field by
(13), and the reflected electric field by (15). These equations,

J(k) = %e—ﬂhsinh(g,ﬁ)[aﬁ(am) —a2x(agr)] (18) substituted into (24), give

where y, which arises from the radial integral of (16), is

defined in terms of a standard form by [12] vo(s) = MLOSI(S)/O Fw) dr

(@) :/0 Ji(ap)pdp v(s) = WuosI(s)/O L(k,8)[T(6)]? dr (25)

- %[Jl(a)Ho(a) — Jo(a)Hy(e)] (19) where

whereH, and H; are Struve functions. boorb ,
0 ! Flk) = 712/ / e dz d2' [ax(a1k) — a2x(agk)]?
N )

V. TIME DOMAIN FIELDS dbn? . e~rbsinh(kb) | | , ) )
It is evident from (15) that the frequency/time dependence  ~— , |~ b [aix(a1r) = apx(a2m)]".
of an arbitrary coil is determined by the product of the current
) o . ! (26)
and the reflection coefficient. Introducing the function
Pk, s) = Z(s)['(x, s) (20) Hence, the time domain probe response is given by
the corresponding time variation and its time derivative are dI(t)
given by the inverse Laplace transforms Vo(t) = LOT
1 . dI(t) / =
= — s == d
¢ (K, 1) 5t P(K,s)e™ ds THo = ; F(r)dr
(k1) = %/ si(k, s)e” ds. (21) Vi(t) = Wuo/ ' (5, [T (8)]? dr (27)
et ) By 0

reLo = g fooo F(r)dx is the free space self-inductance
the coil.

It is often useful to consider not just the induced EMF in
e coil but also the integral of the EMF with respect to time.
rom (27), the integrated and negated signal due to induced
current is

current variation with time, the integrals reduce to standa
forms that can be evaluated analytically in terms of e}
functions.

Formally taking the inverse Laplace transform of (15), th
time dependent reflected electric field is given by

For a half-space reflection coefficient and an exponentiy?7

1 eo .
AE(p,z,t) = 5#0/ Q' (k,t)e " * T (k)1 (kp) dr. (22) 00
0 Vi) = —mi [ MO A (@8)
The magnetic field is found from the induction law by taking 0
the inverse Laplace transform efV - [pAE(s, p, 2)]/ oS, ¢

being the azimuthal unit vector. This gives Below, V() is calculated together with the variation Bf(¢)

for specific coil current transients.
2H,,(p, 0] 1 /oo B, =" T () J1(kp) e /In order to evaluate the induced EMF as a function of time,
H.(p,z,1) 0 Jo(rkp) ¢'(x,t) has been found for two cases of interest. In the first
(23) case, the coil is assumed to be excited by a step current and
for the reflected magnetic field above a uniform half-spade the second case, an exponentially rising current of the form
conductor £ > 0). Equation (23) is evaluated using standardiven by (1). The first result is the limiting case of the second
numerical techniques [5]. as the rise time goes to zero.

2
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VII. EVALUATION OF TRANSIENTS

It is convenient to write the transverse electric reflection

coefficient for a half-space of uniform conductivity as

24
por + [7(r)s + 1]H/2

[(k,s) = -1 (29)

where 7(x) = po/k?. With the reflection coefficient in this

IEEE TRANSACTIONS ON MAGNETICS, VOL. 33, NO. 3, MAY 1997

where once again = uo/x* and

erf(z) = %/0 e dx.

In the limit as the relative permeability approaches 1.0, (37)
becomes

(38)

_ vt
form the inverse Laplace transform may simply be looked upq)(ﬁ’t) =2l [V P

[13]. For brevity, thes dependence af is not shown explicitly

in the development below but is assumed.

A. Response Due to a Step Current

N %(1 L+ ?)erf<\/§)_ﬂ —Tou(t). (39)

B. Exponential Source Current

Consider a cail carrying a current whose time variation is \th the coil current that varies exponentially as in (1), we
defined byI(t) = Iyu(t) whereu(t) is a unit step function. phave instead of (30)

Thusu(t) = 1, for t > 0 andu(¢) = 0 otherwise. Then the

Laplace transform of the current &s) = Ip/s and

sk, s) = sZ(s)I'(k, s)

20,
=hh|l—————— —-1]. 30
Ol e + (s + 1)1/2 (30)
By rewriting this as
sp(r,8) = 2u-Iof(rs+1) = I (31)
and noting that the inverse transform of
fls) = — (32)
Ca+t+/s
is [13]
1 2
F(t) = N ac® terfe(av't) (33)
where
erfe(z) = i/m —**q (34)
T z) = \/7_r i c X

it is found that

2411
Q' (1, t) ==Hr20 =t/m
T

. [ % - u,,e“ﬁt/TerfC<ur\/§>} —1o6(t). (35)

sdo(k, s) = sT(s)I'(k,s)
1 20,
Or05+ 1 | e + (75 + 1)1/2

A standard inverse Laplace transform [13] gives

- 1} . (40)

210”1‘
(k1) =——T—
ol#-) To(p2 — vT)
. {C_t/TO [ur —Vvrerf(vVut)
(w2=1)t/7 t
— et erfc| pipr/ —
u
1 —t/7
- Io—@ o (41)
To
where
V= 1_ i (42)
T 70

The integrated response coil EMF and the magnetic field are
found from

70 24
-1 (43
s 'ros—i—l} {ur—i—(Ts—i—l)l/? (43)

a form which allows us to expregs, in terms of functions
defined earlier

Qo(k,t) = Ok, t) — 0Py (K, t). (44)

The integrated coil EMF and the magnetic field is expressédearly, if the system time constantis zero, (39) is recovered
in terms of ®(x,t) in (28). One can determing(x, t) either from (44).
by integrating (35) directly or by taking the inverse Laplace

transform of the following [13]

Iy 240,
— | — - 1. 36
s [ur +[rs +1]*/2 } (39
By either method, the result ig > 0)
for
(I)(Ii,t) 22_[0“12 _1
. |:u1 — erf<\/z> —_ N1v6(uﬁ_l)t/‘rerfc <I’L’l E>:|
T T
- IOU'(t)v (37)

VIII.

As with the coil impedance characteristic [4], it proves
useful to introduce a normalization convention using the
free-space coil self-inductance as a reference. With a step
current excitation, the self-induced EMF in the coil in air is
theoretically a delta function and has the fofgLqé(t) for a
transition att = 0. The normalized coil EMF and integrated
response due to the reflected field are now defined as

Va(t) = V(t)/1oLo (45)
Va(t) = V()/IoLo.

N ORMALIZATION

and
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Coil ___ TABLE |

, \ PROBE PARAMETERS
’ 2b
d Coil parameters Coil 1 Coil 2
¥ Hall Devie Inner radius 1) 2.5 mm 7.10 mm
E S hihiad Outer radius €2) 5.0 mm 11.41 mm
Length (D) 2.5 mm 5.0 mm
Sample l Number of turns 100 2550
Fig. 5. Eddy-current probe cross section. 0.50
0.45 Conductivity IACS.
In the limit ast — 0(¢ > 0) the integrated signal becomes § o040} 15002;/"
S L N ]
> 0354,
=, \ e 10%
o> 2 ~— "\
J(r)*dr = 0.30
Vo (0) = 7f00£ Gl k? (46) & ;
Jo F(r)dr 5 0.25]
2
) ) o g o.2oi
wherek is the probe coupling coefficient [14]. £ o1l \
0.10]]
IX. EXPERIMENTAL PROCEDURE 0053
The normal component of the magnetic field on the axis 0.0

of a coil in the presence of a thick Conducting p|ate is to 0.0 200 400 600 80.0 100.0 120.0 140.0 160.0 180.0 200.0
be measured. The coil is cylindrical and of rectangular cross Time (micro sec)
section. Equation (1) governs the current flowing through they. 6. Integrated eddy-current response for a range of conductivities with
coil. The magnetic field is measured using a Hall devigbe source time constant = 0.
located on the coil axis, Fig. 5.

The coil current with its characteristic time constaptis
provided by a transconductance amplifier. The input to tief 2.25x 10" Smrt and 5.80x 107" Sm1, respectively. Coil
transconductance amplifier is simply a square wave passkdee Table |, was used with the Hall device 0.25 mm below
through a first-order low-pass filter as shown schematically the lower coil surface. A number of different probe lift-off
Fig. 1. The peak-to-peak coil current is about 32 mA whilgalues have been used by placing the probe on plastic shims
7o is equal to 275:s. Measurements of the magnetic field aref known thickness. The lift-off is the distance from the lower
made by sampling the Hall device outputs at;20intervals surface of the coil to the surface of the conductor.
using a PC with an analog to digital converter card. Normally
the PC will also be used to subtract a reference signal from all X. NUMERICAL RESULTS

measurements. Such a reference could be the probe’s transient ) , . .
response in air. In Fig. 6, the normalized integrated coil EMF},,(¢) is

The Hall device sensitivity is temperature dependent bmotted as a function of time for various conductivities from
5 1 7 spr-l i
the asymptotic value of the incident field is fixed by the:80x 10°Snm=105.80x 10" Sm - The coil parameters are
transconductance amplifier. The normal field at the Hall devi@iVen in Table I as coil 1. The signal data have been calculated

may be calculated, (47), using the asymptotic coil current. for the case of a step current, hence _the time derivative
represents the impulse response of the induced EMF due to
as ++/a? +d3

the reflected field. Note that the initial signaltat 0, being
ar + /a3 +d?

equal to the square of the coupling paramétes independent

of the conductivity of the workpiece and depends only on the
az + v/ ai +d3
ar ++a3 +d?

Hz IKdQlIl

coil parameters. The coupling coefficient decreases with lift-
(47)  off. In the limit where the coil has zero axial length and zero
lift-off, & = 1.0. The coupling parameter represents a figure
of merit for the coil-workpiece combination in the range zero

- Kdlhl

where
to 1.0.
K = ”_IO_ (48) The curves shown in Fig. 6 are geometrically similar,
2 differing only in their time scale which increases in proportion

The distances between the Hall device and the bottom atodthe conductivity of the workpiece. With the coil current
top of the coil ared; and d,, respectively.ly is the peak given by (1), a current time constany = 20 us, the time
coil current. By using (47), the Hall device measurements adependence o¥,(t) for coil 1 is shown in Fig. 7. A finite
calibrated to yield normal magnetic field measurements. time constant is necessary to avoid saturation of a current
Measurements have been made on aluminum and copgpeurce, but it means that the coupling parameter cannot be
plates such that a half-space approximation is accurate, tead directly from the observed response. Fig. 8 shows the
aluminum plate had a thickness of 25 mm, and the coppmsrresponding transients for a number of different source time
plate a thickness of 19 mm. The samples have conductivitiesnstants fromzero to 80 pus.
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0.50 1750.0 . . : : :

0.45 Conductivity IACS. 1500.0
0 ——  100% (zero time const) -
@ 040 £ L
2 N | 100% 5 1250.0
= g 1000.0 +
E 0% § 7500
o 025 5 i « 0.0mm Liftoft 1=
2 © 500.0 » 0.2mm Liftoff 1
® 020 @ + 0.4mm Littoff J
?3 L o500 4 0.9mm Liftoff 1
c 0.15 —— Theory T

0.10 0.0 & L L I I L

0.0 250.0 500.0 750.0 1000.0 1250.0 1500.0
0.05 Time (micro secs.)
0.0

Fig. 10. Variation of Hall signal with time for various lift-off values. The

sample was copper of conductivity 100% IACS. The source time constant
Time (micro sec) was 275us.

0.0 200 400 600 80.0 100.0 120.0 140.0 160.0 180.0 200.0

Fig. 7. Integrated eddy-current response for a range of conductivities with

the source time constanty = 20 us.
g a XI. CONCLUSION

0.50 The induced EMF of a coil due to transient eddy-currents in
0.45 Time const. micro sec. a half-space conductor ha\_/e been calculated from cI_osed—form
integral expressions. The induced current decays with a char-
040 acteristic time constant that is proportional to the conductivity
L 0% of the material. The time constant is inversely proportional to
§ o the square of the spatial frequengywhich means that the
8 o025 integrated decay time for a coil increases in proportion to the
S o020 square of the coil dimension.
E 045 Predictions of induced EMF and the magnetic field have
’ been calculated for a coil current that rises exponentially to a
0101; constant asymptotic value. Comparison of the time variation
0.05 of the field with experimental measurements acquired using a
0.0 . . . . . . . . . Hall sensor show excellent agreement.
0.0 20.0 40.0 60.0 80.0 100.0 120.0 140.0 160.0 180.0 200.0
Time (micro sec)
Fig. 8. Transients response for a number of different source time constants REFERENCES
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Fig. 9. Variation of Hall signal with time for various lift-off values. The
sample was aluminum of conductivity 38.8% IACS. The source time constar*[b]
was 275us.




