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The inverse eddy current problem can be described as the task of reconstructing an unknown
distribution of electrical conductivity from eddy-current probe impedance measurements
recorded as a function of probe position, excitation frequency, or both. In eddy current
nondestructive evaluation, this is widely recognized as a central theoretical problem whose
solution is likely to have a significant impact on the characterization of flaws in conducting
materials. Because the inverse problem is nonlinear, we propose using an iterative least-squares
algorithm for recovering the conductivity. In this algorithm, the conductivity distribution
sought minimizes the mean-square difference between the predicted and measured impedance
values. The gradient of the impedance plays a fundamental role since it tells us how to update
the conductivity in such a way as to guarantee a reduction in the mean-square difference. The
impedance gradient is obtained in analytic form using function-space methods. The resulting
expression is independent of the type of discretization ultimately chosen to approximate the flaw,
and thus has greater generality than an approach in which discretization is performed first. The
gradient is derived from the solution to two forward problems: an ordinary and an “adjoint”
problem. In contrast, a finite difference computation of the gradient requires the solution of
multiple forward problems, one for each unknown parameter used in modeling the flaw. Two
general types of inverse problems are considered: the reconstruction of a conductivity
distribution, and the reconstruction of the shape of an inclusion or crack whose conductivity is
known or assumed to be zero. A layered conductor with unknown layer conductivities is treated
as an example of the first type of inversion problem. An ellipsoidal crack is presented as an
example of the second type of inversion problem.

I. INTRODUCTION estimate of the flaw conductivity. Thus, an iterative scheme
proceeds by updating the flaw function at each iteration in
such a way that the mean-square difference or error be-
tween the measured and predicted data is driven to zero, or
to a minimum in the presence of noise and model inaccu-
racies.

The mean-square error may be regarded as a func-
tional over the function space comprised of all possible
flaw functions and our task is to select the flaw function
that minimizes this functional using some suitable descent
algorithm. Possible descent algorithms include the method
of steepest descent, the conjugate gradient algorithm, and
the Levenberg-Marquardt algorithm. A key requirement
of any such algorithm is the ability to compute the gradient
of the mean-square error at each iteration. The gradient
tells us in what “direction” to update the current flaw
estimate in order to guarantee a reduction in the mean-

In this article, we develop a general theory for the
reconstruction of flaws from eddy current impedance data.
Here, the term “flaw” or flaw function is used to signify an
arbitrary conductivity distribution, or.the departure of the
conductivity from a known background. It is well known
that the reconstruction of an unknown conductivity varia-
tion from eddy current data is a nonlinear problem, since
both the conductivity itself and the electromagnetic field at
the flaw are simultaneously unknown. If the conductivity
variations are small, the inverse problem can be linearized
by replacing the fields inside the conductor with the fields
in the absence of the flaw (the Born approximation).' In
many cases, however, the weakly varying conductivity as-
sumption is poor—a crack is an obvious example—and any
realistic approach must take account of the inherent non-
linearity of the problem. Here we propose using the least-

squares criterion as the basis of an iterative scheme for
reconstructing the flaw function.?

In the least-squares approach, a flaw function is sought
that minimizes the mean-square difference between the ac-
tual measurements and the predicted measurements de-
rived by solving the forward problem using the current
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square error. A straightforward but tedious approach to
computing the gradient is to first discretize the flaw func-
tion in some convenient way, for example by dividing it
into small blocks or other basis elements, and then to com-
pute the partial derivatives of the measurements with re-
spect to each basis element by taking finite differences. This
procedure is computationally expensive since a flaw func-
tion broken into N blocks would require the solution to ¥
separate forward problems to obtain the N components of
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the impedance gradient. Moreover, NV solutions need to be
recomputed at every iteration.

An alternative to finite differences is used by some geo~
physicists to develop nonlinear inversion schemes for elec-

tromagnetic survey data. In their approach, the conductiv-.

ity is modeled using a number of undetermined parameters

(say N). The field equations are then differentiated explic-"

itly with respect to these model parameters. This general
procedure has been applied both to two-dimensional prob-
lems® and in three dlmensmns 4 The resulting equations for
the field derivatives are of similar form to the forward
problem field equations and can be solvéd in the same way,
but we now have N additional equations that must be
solved for each observation at every iteration.

Below we use function space methods to derive an ex-
plicit expression for the gradient in terms of the solutions
of fwo forward problems instead of NV forward problems.

The two forward problems correspond to an “ordmary”i
forward problem and an “adjoint” problem defined below.

In certain cases, for' example a planar layered structure of
unknown conduct1v1ty, the ordinary and adjomt problems
are identical, in which case only one forward solution need
be computed per iteration. The analysis does not require
discretization, and thus is independent of the type of dis-

cretization chosen at a later stage. In addition, since the

gradient is obtained analytically, it is exact, in contrast to
the gradient obtained through a finite-difference computa-
tion.

The article is organized as follows: We begin with a
brief review of the forward problem (Sec. II). A more
complete discussion of the forward problem and its numer-
ical implementation can be found in Ref. 5. The inverse
problem is then formulated in continuous space using the
least-square error criterion and an explicit expression for
the gradient of the mean-square error is derived (Sec. III).
The expression for the gradient is a central result of the
paper. The.role the gradient plays in the formulation of
two types of flaw reconstruction problems is then de-
scribed: in the first problem, the flaw function to be recon-
structed is assumed to be an arbitrary volume distribution
of conductivity (Sec. II); in the second, the flaw is as-
sumed to_be a void or crack inside of which the conduc-
tivity vamshes (Sec. IV). In the latter problem, the shape
of the flaw boundary is to be determined, Since the
icontmuous—space formulatlon is both more compact and
more general, the analysis i is carried out without discreti-
,za ion up to this point. In a numerical implementation of

the’ theory, however a discrete representatlon of the flaw is

ultimately required, and we show how the continuous-
spaceé results can be employed in deriving inversion algo-
rithms for a flaw (or flaw surface) approximated by a finite
number of undetermined parameters (Sec. V).

. To illustrate how the theory can be used in solving
specific problems, the gradient of the mean-square error is
derived explicitly- for a layered conductor and a surface-
‘breaking hemispherical flaw. The latter is an example of a
parametric flaw model where a small number of free pa-
rameters are used to define the conductivity distribution or
the flaw shape. For.the case of the layered conductor (Sec.
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VI), we consider two possible, parameterizations. In the
first, the layer thicknesses are assumed known, and the
conductivities of the individual layers are to be determined.

* In the second parameterization, the layer thicknesses are to

be determined, but.the layer conductivities are assumed
known. As a final example of Sec. VI, we consider a single

~layer overlying a substrate of known conductivity. Here we
~ wish t0 determine the thickness and conductivity of the

layer. We conclude with a simple illustration of an explicit
impedance gradient calculation in which the radius of a

" hemispherical surface indentation is varied and the deriv-

ative of the impedance determined in the low frequency
limit (Sec. VII).

" In the above problems, it is ‘assumed that impedance
data may be recorded as a function of frequency or probe
position, or both, whichever is appropriate. In fact the
present formulation is sufficiently general to accommodate

other probe variables or a combin4tion of such variables.

il. THE FORWARD PROBLEM

Let the flaw function be defined by v(r) =[o () —0p]/
0q, where o(r) is a spatially varying conductivity and oy is
the host conductivity. If the flaw is assumed to be a void or
crack, o(r) vanishes inside the flaw, in which case v(r)
=-—1 inside the flaw and is zero outside. If the flaw rep-
resents an arbitrary conductivity distribution, we assume
for convenience that o(r)=o0, outside of some bounded
domain ¥, so that v(r)=0 outside of V. Thus, volume
integrations involving the flaw function vanish outside of
V. Whether the conductivity is continuous or discrete, we
refer to ¥ as the volume of the flaw region. ,

Assuming time-harmonic excitation [exp( —io?)] and
neglecting the displacement current, Maxwell’s equations
read

VX E(r) =iopuH(r)

VXH(r) =0(r)E(r) —aoE(r>+P(r), (1)
where
P(r) =[o(r) —op]Er) =dov(r,)E(r). (2)

In (1), P(r) may be interpreted as an effective current
dipole density at the flaw due to the variation o(r) — o, of
the conductivity from that of the host o,. With the aid of
Green’s theorem, the required solution of Maxwell’s equa-
tions may be expressed in integral form as

E(r) =ED (¢) +iop, LG(r[r')-P(r')dr', (3)

where the integration is over the volume of the flaw. In
(3), E(i)(r) is the “incident field” produced by a primary
source in the absence of the flaw, and G(r|r’) is the dyadlc
Green’s function obeying®

VXVXG(r|r') —EG(r|r') =6 —r')L

In this equation, k*=iwpgo, 8(r—r’) is the three-
dimensional (3D) Dirac delta function and I is the unit
dyad. Multiplying (3) by oy(r), we obtain in view of (2),
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P(r)=P(’7(r)+v(r)k2f G(r|r')P(r')adr’, (4)
v
where

P (r)=og(r)E¥(r). (5)

For unit source current, the probe impedance Z due to the
flaw is given by

Z=— f E® (¢)J (" )dr',
coil

where the integration is over the sensing coil, J(r) is the
current density in the source coil and E®(r)=E(r)
—E¥(r) is the “scattered field” due to the flaw given by
the integral on the right of {3). The application of a reci-
procity theorem relating the scattered field at the coil to
the incident field at the flaw shows that the impedance may
be expressed as’

Ze f EO ()P )dr!, (6)
14

where the integration is over the volume of the flaw.

The forward problem may be defined as follows: given
the flaw function v(r) and the incident field E) (r) pro-
duced by the primary source, compute the impedance Z.
To accomplish this, the linear integral Eq. (4) is solved for
the polarization P{r), which in turn is substituted into (6).
Further details on the above formulation of the forward
problem and its numerical solution are contained in Ref. 5.
A discussion of reciprocity theorems can be found in Ref.
6. )

1l. RECONSTRUCTION OF AN ARBITRARY
CONDUCTIVITY DISTRIBUTION

~ Suppose v(r) is an estimate of the true flaw function
Ve (F). Then, on the basis of the estimate v(r), we solve
the forward problem to obtain the predicted measurement.
Here the measurement is the impedance change due to the
flaw Z detected by a probe sensor at the probe position rg
at an excitation frequency w. For brevity, the predictions
and measurements are expressed as a function of the vector
m= (rg,w), where m varies over some observation domain
M. v
Denote the predicted impedance by Z[m,v], which is a
functional on the space of functions v(r). Let Z (m) de-
note the observed impedance, so that Z{m,v,, J=Z.(m)
in the absence of noise and modeling uncertainties. (In the
following, we generally use square brackets, [ ], to signify a
functional relationship as opposed to a function.) Now
define the mean-square difference between the predicted
and measured impedances as

F[v]= fM W(m)|Z[m,v] — Zs(m) lzdm, (7)
where W {(m) is a real, positive weighting function that
could reflect probabilistic information about the measure-

ments. If the measurement space is discrete, then (7) is
replaced by a sum.

503 J. Appl. Phys., Vol. 73, No. 2, 15 January 1993

We pause to point out that it may be useful at this
stage to regularize a potentially ill-conditioned problem by
imposing an a priori constraint of some form, in addition to
minimizing the mean-square error (7). In the case of a
discrete flaw, one could, for example, attempt to select the
flaw that simultaneously minimizes (7) and minimizes the
flaw surface area or the flaw volume. One strategy is to add
a penalty functional to (7), for example to minimize a

" functional of the form #[v]4+A Vol[v] or #[v]+A Surlv],

where Vol [v] and Sur[v] are, respectively, expressions for
the flaw volume and the flaw surface area, and A is a
weighting parameter. Various types of smoothing con-
straints are also possible.

Now consider an iterative algorithm which, given the
(n—1)th estimate, v,_((r), of v, (r), generates the nth
estimate by means of

v,(r) =v,_;(r) +a,dv,(r), (8)

where a, is a constant depending on » and the function
Sv,(r) may be regarded as an incremental change in
v,_1(r). To find the variation 6v(r) (dropping temporarily
the subscript #) that maximizes the reduction in mean-
square error when the current estimate is v(r), we write
the Gateaux differential of & [v], denoted by d% [v,6v], and
defined as the change in & resulting from the change dv in
v, as follows™®

4% [v,60] =lim g[u+/35;]_sg'[u]
. B0

d
=—&[v+Bbv . (9)
7 E |
Here, and henceforth, the boldface d is used to denote a
functional differential resulting from the variation of some
function, where the variation is denoted by the symbol 8.
In the present section, the function to be varied is the
(continuous) flaw function v(r); in the next section, we
vary the boundary of the flaw function.
The functional gradient of % [v] with respect to v, de-
noted by V&[v], is related to the differential d& [v,6v] by
d% [v,6v] = nyZ[u(r)]cSv(r)dr. (10)
Note that d% may be thought of as the continuous-space
analogue of the discrete-space directional derivative, where
(10) is analogous to the dot product of the gradient V&
and the “vector” dv(r).
Equation (10) shows that the largest decrease in the
mean-square error is obtained by selecting the direction
S8v(r)=—aV&[v], a being a constant; thus, (8) becomes

v,,(r)=v,,_1(r)—a,,fo[v,,_1(r)]. (1)

This is the steepest descent algorithm. Here a,, is a “step-
size” parameter which tells us how far to advance in the
direction V& to obtain the next update v,. For nonlinear
problems, the parameter a, is typically determined by
means of a one-dimensional (1D) line search that mini-
mizes &[v,_;—a,V¥& ,_,] with respect to a, while holding
v,_1 and V&, _, fixed. Such a search would normally re-
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quire several more solutions to the forward problem. How-
ever, if the shape of the surface & [v] is approximately qua-
dratic, an approximate, but explicit, formula for ¢, can be
derived that requires no additional solutions to the forward
problem, resulting in a significant savings in computing
time. A derivation of the formula for &, is given in Appen-
dix A. .

The conjugate gradient algorithm is similar in form to
(11), and also employs the gradient V&, but can be shown
to accelerate convergence, often significantly, with rela-
tively little additional computational expense.’'? This al-
gorithm updates the previous flaw estimate v,_(r) as fol-
lows:

Ua(r) =v,_1(r) +a,f,(r), (12)
where
Su(t)y==V&[v, _1(r)]1+Bufr_i(x), (13)

with the initial condition f|(r)=—V&[vy(r)]. Here a,
plays a role similar to the step-size parameter in the
steepest-descent algorithm. Explicit formulas for the pa-
rameters «, and 3, are given in Appendix A.

The Levenberg-Marquardt algorithm!"'? is a modifi-
cation of the Gauss—Newton method and as a quadratic
scheme, has the potential for very rapid convergence, but
the price paid is the need to invert a system of linear equa-
tions at each iteration. For a large number of unknowns,
this may be impractical, in which case the recommended
method is the conjugate gradient algorithm. The point to
appreciate, however, is that all of the above algorithms—
steepest descent, conjugate gradient, or Levenberg—
Marquardt—require the ability to compute the mean-
square error gradient V& [v(r)] at each iteration. We now
turn to the derivation of this gradient.

Substituting (7) into (9) and taking the limit, gives

d%[v,6v] =2 Re JM W(m){Z[m,v] — Z;(m) }*

X dZ[m;v,5v]dm, (14)

where Re means real part, ¥ denotes complex conjugate,
and dZ is the Gateaux differential of the impedance Z. In
the equations of the previous section, the dependence on
the observation parameter m is not explicitly shown. Ex-
cept in equations like (14) where there is an integral over
the observation domain, we will usually continue to sup-
press this dependence for brevity, but one must keep in
mind that the impedance Z and all field quantities E‘?, E,
P, and P depend on m. ,

The impedance Z[v], defined by (6), is a functional of
v(r). The functional differential of Z[v] is defined as in (9)
with Z[v] replacing &[v]. Thus by definition

dZ[v,6v]= f,VZ(r)év(r)dr. (15)

To relate the functional gradient of the mean-square
error V&[v] to the functional gradient of the impedance
VZ[v] (15) is substituted into (14) and the orders of inte-
gration interchanged to yield :
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dZ [v,6v] = f (2 Re fM W(m){Z[mp] —Zg(m) }*

XVZ(m,r)dm) Sv(r)dr.

Comparing this to Eq. (10) shows that

V#(r)=2 Re fM W (m){ Z[m,0] — Zs(m) }*

X VZ(m,r)dm, (16)
where we have indicated explicitly the dependence of VZ
on m.

To compute V& (r) from (16), a formula for the func-
tional gradient of the impedance, VZ(r) is needed and is
here derived from the equations of the forward problem.
Below, all integrations are over the flaw region, unless
noted otherwise. Taking the differential of (6) gives

dZ=— fEm(r')-dP(r')dr'. 17

Similarly, the differential of Eq. (4), after substituting Eq.
(5) for PO(r), is"

dP(r) =6v(r)oEY (r) —i—b‘v(r)sz G(r[r')P(r)dr’
+o(r)k? f G(r|r’)-dP(r’)dr’

=8v(r)ogE(r) +v(r)k? f G(r|r")-dP(r")dr’,
(18)

where the second line follows on substituting E(r) from
(3). To obtain an equation for dZ in which the differential
dP does not appear, we proceed as follows. Define E(r) as
the solution to

E("?(r’)zﬁ(r_’)—sz(}(r'lr)-fﬂ(r)v(r)dr, (19)
where G is the adjoint of G; that is
G’ |r)=GT(r|r"), (20)

with 7 denoting transpose of the dyad.

Note that (19) is similar in structure to (4) as can be
seen by defining f’(r) =00E(r)v(r), multiplying (19) by
ogv(r’) and interchanging r and r’ to give

f)(r):Pm(r)Jru(r)ka§(r|r')-f>(r')dr'. (21)
(21) differs from (4) only in that it contains the adjoint
dyad. _

Now substituting (19) into (17), interchanging orders
of integration and using (20) gives
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— f E(r')-dP(r')dr’

dr

+ K f o(r)E(r)- [ f G(r|r')-dP(r')dr’
=— f E(r)- [dp(r)

=v(r)kzjG(rjr')-dP(r’)dr' dar. (22)

The quantity in brackets is seen from (18) to be
Su(r)ogE(r). Thus (22) reduces to
dZ[v,6v]:—aofﬁ(r)-E(r)év(r)dr. (23)

Comparing (23) and (15) shows that the functional gra-
dient of the impedance is given by

VZ(r)=—0,E(r)E(r). (24)

This is a key result. VZ(r) gives the differential change in
the impedance due to a differential change in the flaw func-
tion v at the point r in the flaw. For an arbitrary variation
in the flaw &v(r), the total differential change in the im-
pedance dZ is given by the integral of Sv(r) over the gra-
dient, as shown by (23).

From (24) we see that the computation of the func-
tional gradient VZ requires the numerical solution to two
“forward problems,” defined, respectively, by (4) and its
adjoint (21) [or equivalently (19)]. Once VZ is computed,
the gradient of the mean-square error, V&, is obtained
from (16), which in turn can be substituted into the de-
scent algorithm of one’s choice to reconstruct the flaw. .

The above derivation can be expressed more abstractly,
and compactly, using an operator formalism (Appendix
B).

IV. RECONSTRUCTION OF A HOMOGENEOUS FLAW

In the above, the flaw function is defined by v(r)
==[o(r) —op]/0y, where o(r) is regarded as an arbitrary
distribution of conductivity. In dealing with potentially ill-
conditioned problems, it is helpful if the number of degrees
of freedom allowed by the proposed form of the flaw func-
tion can be restricted in some way, for example, by using a
priori knowledge. In this section, we consider the problem
of finding the shape of a flaw in the form of a void or crack
of finite volume having a conductivity that is known to be
zero. Thus o(r) =0 inside the flaw and o(r) =0, outside,
or v(r)=—1 inside the flaw and v(r) =0 outside.

QOur ultimate task is to find the shape of the flaw
boundary, but initially we need to determine the mean-
square error gradient with respect to a variation in the
position of the boundary. The gradient can then be substi-
tuted into any of the descent algorithms discussed in the
Introduction to find the best estimate of the position of the
flaw surface. We consider a variation over a regular surface
S which, for an embedded flaw, can be its entire bounding
surface. In the case of a surface breaking flaw, as shown in
Fig. 1, it is only necessary to consider a variation at the
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FIG. 1. Homogeneous volumetric flaw whose boundary is varied from
that indicated by the dashed outline to the location shown as the shaded
region.

conductor flaw interface and not the interface with air. We
remark that our approach can also be adapted to the prob-
lem of reconstructing the shape of an inclusion with a con-
stant, but known, interior conductivity.

We represent the flaw surface by the equation s(r) =0,
in order that the flaw function may be written as

v(r)=—H[s(r)],

where H(u) is the Heaviside step function: H(u)=1 for
u>0 and H(u) =0 for u <0. s(r) is greater than zero inside
the flaw and less than zero outside. For a variation of the
boundary, the change in the flaw function is

Sv(r)= —{H[s(r).+6s(r) ] —H[s(r)]}-

Clearly 8Sv(r) is nonzero only in the region between the
surface of the original flaw and the surface after the vari-
ation. Later, we shall consider an infinitesimal variation,
but to understand and interpret Eq. (23) in the present
circumstances, consider for the moment that the change in
the position of the boundary is due to a small but finite
contraction of the flaw region. (23) then reduces to an
integration over the domain of contraction, illustrated in
Fig. 1 as the region between the surface outlined by dashed
lines and the shaded surface.

E(r), as given by (19), is the adjoint field due to the
original flaw. In the contraction region, this field is inside
the unvaried flaw. E(r), on the other hand, is derived from
the term in brackets in (22) and therefore represents the
external field of the varied flaw. This difference between
internal and external fields is important because there is a
jump in the normal component of the electric field at the
surface. Indeed, because the conductivity within the flaw is
here taken to be zero, the normal component of the exter-
nal electric field at the surface, like that of the correspond-
ing current density, is zero. Therefore, in the limit of an
infinitesimal variation, the tangential field, E,(r) can re-
place E(r) in (23), because the normal component is zero.

For a homogeneous flaw of the type considered in this
section, the equation analogous to (23) is
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dZ(s,6s)=—aofﬁ(r)-E(r)dv[sﬁs]dr, (25)
where 8s(t) is an arbitrary variation of the flaw surface
here written as a function of the variable t, a two compo-
nent vector representing surface coordinates on the unvar-
ied flaw. In Eq. (25), v(r) can itself be regarded as a
functional of the flaw surface s(t), that is, v=1u[s]. We have
indicated this by writing dv, instead of v, in (25).

By definition, the functional gradient of the impedance
with respect to the flaw surface, V,Z(t), is related to the
functional differential dZ[s,6s] by

dZ[s,55] = f . Ve Z08s(t)dt. (26)

An infinitesimal variation of the flaw function is given by

d
dv[s,65]1=—5 v(s+Bbs) ‘

~dB

d
-2 H(S—I—BBS)\

=—58(s(r))s(t),

where 8(z) is the 1D Dirac delta function. Substituting
this result into (25) and recalling that the normal compo-
nent of the external field is zero, gives

dZ[5,65] =0y f E(r)E(r)8[s(r) |65(t)dr

=00f E,(t,5)E(t,5)8s(t)dt. (27)

So

Comparing (27) and (26) shows that "

V, Z(£) = 00E(t,5(t) )E,(t.5(t)) = 0o Ee|paw surtace> -
28)

which is the “flaw-surface” analogue of (24).

Finally, if we replace v and v by s and 8s in (14),
substitute dZ from (26) and interchange orders of integra-
tion, we obtain a mean-square error gradient similar in
form to (16)

V& (t)=2Re fM W (m) {Z[m,s] — Zops(m) }*

XV, Z(m,t)dm, (29)

where VZ(m,t) is defined by (28). The updated formula
for the steepest descent algorithm, for example, would now
read

s,,(t)=s,,_1(t)—a,,vg[s,,_l(t)],
instead of (11).

(30)

V. FINITE NUMBER OF FLAW PARAMETERS

Until now, the flaw functlon v(r) or its boundary s(t)
was assumed to be an arbitrary function in an infinite-
dimensional function space. In a numerical implementa-
tion, however, parameterization of the flaw function at
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some stage is required; that is, the flaw function must ul-

. timately be approximated, or modeled, using a finite num-

ber of variables. These variables could, for example, repre-
sent the mean conductivities within small boxes, or other
basis elements, in terms of which the true conductivity is
approximated; or, perhaps, they could define the geometric
shape of a flaw boundary. The inverse problem then re-
duces to the task of determining this finite set of numbers.
In this section, we derive the form of the mean-square
error gradient V&, when the flaw function is parameter-
ized in this way.

Let p be a vector whose components are the flaw pa-
rameters. In (23) we now replace dv with

dv(r)
doppl= 2 5~

which is the change in the flaw function due to the varia-
tion in the parameters, 8p; Equation (23) then becomes!

v(r)

p;, (31)

dZ[p,5p]———002 [ fE(r)°E(r) dr|8p;, (32)

=2 (V2);8p;, (33)

where (VZ),;=0Z/0dp;
Equation (33) is the discrete analogue of (15). From

(32) and (33) the i/th component of the gradient of the

impedance is seen to be

- du(r)
(VZ)i=—aofE(r)'E(r) 3 dr

(34)
Now, the differential change in the miean-square error is
d#[p,épl= 2 (V&) p: (35)
. i

Substituting (33) and (35) into (14), we obtain for the ith
component of the mean-square error gradient

(VF),=2 Ref W(m)
M

X {Z[Mp] — Zops(m) }*(VZ(m)),dm,  (36)

which is the discrete analogue of (16). The update equa-
tion for the method of steepest descent now becomes

pi=pi ' —a, (V&Y (37)

where »n indexes the iteration number. Equation (37) is the
discrete flaw space analogue of (11).

As an example of a finite parameterization of the flaw
function v(r) let us write

N

v(r)= 2 ¢; ¢ (r),” (38)

i=1

where ¢,(r), i=1,... ,N represent some convenient set of
linearly independent basis functions and the ¢/s are expan-
sion coefficients. For instance, if v(r) is sampled at a set of
discrete points r;, i=1,...,N, the basis functions may be
written ¢;(r) =8(r—r;), where 8(r) is the 3D Dirac delta
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function. In the next section, we consider a layered con-
ductor, in which case the basis functions are piece-wise
constant between the layer boundaries.

If we let the coeflicients in (38) play the role of the
parameters, that is p;=c;, then substituting (38) into (34)
yields

(V2)i=—0y | B E@¢(r)ar, (39)
for the components of the gradient of the impedance.

In the latter example, the expansion coefficients ¢; were
regarded as the unknowns. In some problems, the basis
functions may themselves be functions of the parameters,
and thus can vary. Normally, either the coefficients ¢; are
allowed to vary or the basis functions ¢; are allowed to
vary, but not both (an exception is case 3 of Sec. V). Both
of these situations are illustrated in the next section in the
example of a layered conductor. In that section, two prob-
lems are treated. In the first, we assume the layer thick-
nesses are known, and the conductivities of the individual
layers are to be determined. This corresponds to unknown
¢; (the normalized conductivities) and known basis func-
tions ¢; In the second problem, the normalized conductiv-
ities (¢;) are assumed known, and the layer thicknesses are
to be determined. In this case, the coefficients ¢; are known,
but the basis functions ¢ ; are allowed to vary.

One could formulate a problem in which both the con-
ductivities and the layer thicknesses are simultaneously un-
known, but for more than a single layer, this leads to a
nonunique solution. This is a consequence of the fact that
different combinations of thicknesses and conductivities
can give rise to the same set of impedance measurements.
Under these conditions, a unique reconstruction of the
thicknesses and conductivities is not possible. The latter,
therefore, is an example of a poor parameterization of the
flaw function. The general issue of choosing an effective
flaw parameterization is related to the fundamental prob-
lem of estimating the sensitivity (or lack of sensitivity) of
the measurements to variations in the flaw parameters.
This sensitivity can be checked by computing, for example,
the singular values of a matrix symbolically denoted

M mp=VZ(m,p),

where VZ(m,p) is the gradient of the impedance. As be-
fore, p signifies any vector of parameters used in modeling
the flaw. Note that .#,, is just the matrix of partial de-
rivatives of the measurements with respect to the unknown
parameters, i.e., 4 N =0dZ(m;)/dp;. If this matrix is sin-

gular, or nearly singular, then the measurements are inca-
pable of uniquely recovering the flaw parameters. In fact, a
test of this type applied to any proposed measurement
scheme—carried out by computing the singular-value de-
composition of VZ(m,p) on a number of conceivable
flaws—is an extremely effective way of evaluating the sen-
sitivity of the generated data to variations in the flaw pa-
rameters, and hence the potential success of an inversion
method in recovering the flaw parameters. Such a test
would also reveal potential nonuniqueness problems in a
proposed flaw parameterization, if VZ(m,p) is singular, or
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ill-conditioning problems of an inversion scheme, if
VZ(m,p) is nearly singular (that is, if VZ(m,p) has a large
condition number). '

VI. EXAMPLE: A LAYERED CONDUCTOR

As an illustration of the preceding theory, consider a
conductor composed of N parallel layers, where the con-
ductivity of the ith layer is o The z axis is assumed normal
to the layer boundaries, and the boundaries of the ith layer
are at depth coordinates z; and z;, ;. The conductivity dis-
tribution o(z) may then be expressed

N
o(z)= 2, o;Layer,(z), (40)
i=1
where
Layer(z) =H(z~z;) — H(z~z;;.1), (41)

and H(z) is the Heaviside step function. Thus, Layer
{(2)=1 for z< z<z; .| and Layer ;(z) =0 otherwise. The
flaw function is defined as v(z)=[o(z)—0y)/0y, and
hence, from (40)

v(z)- z ¢; Layer,(z), (42)
i=1
where
g0
c,.s’a—o". (43)

Here, the constant oy could represent the mean conductiv-
ity of the layers or, perhaps, the conductivity of an under-
lying substrate. For convenience, we will refer to ¢; defined
by (43) as the “normalized conductivity.”

Now consider three problems: in case 1, the layer
thicknesses are assumed known, and the conductivities are
to be determined; in case 2, the conductivities are assumed
known, and the layer thicknesses (or equivalently, the co-
ordinates z; of the boundaries) are to be determined; in
case 3, assume a single layer of unknown conductivity and
unknown thickness on a substrate of known conductivity.
The layer thickness and conductivity are to be determined.

In the above problems, we propose using multifre-
quency impedance measurements to determine the un-
known parameters, in which case the components of the
measurement vector m in (36) are the frequencies w; then
(36) becomes

(V&) =2Re ,fﬂ W(0){Z[0,p] —Zops(@) }*

X (VZ(w));do, (44)

where Q denotes the frequency range over which the im-
pedance is measured. In case 1, p={c;} are the normalized
conductivities; in case 2, p={z;} are the coordinates of the
layer boundaries; in case 3, p={c,d} are the normalized
conductivity and thickness of a single layer on a substrate.
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A. Case 1

Here the wish to find the unknown normalized con-
ductivities ¢; assuming the boundary coordinates z; are
given. This problem fits the scheme of the last section.
Letting ¢ denote the vector of coefﬁcxents ¢;, the differential
of (42) is

N
dv[c,6¢] = Z &¢; Layer,(2), (45)
i=1

and comparing this to (31) shows that du(r)/dc;

=Layer;(z). Then, from (34), the components of the gra-
dient of the impedance are

(V2)= —aof f fE(x,y,z)

‘E(x,p,z)Layer;(z)dxdydz

z;+ 1 © © .
=-—0p f dzf f E(x,,2)

-E(x,p,2)dxdy. (46)

[We could have obtained the same result by substituting
the basis function ¢;(z)=Layer,(z) directly into (39).]
The gradient of the mean-square error (V#); follows on
substituting (46) into (36), and the steepest-descent up-
date is then given by (37).

B. Case 2

Here the normalized conductivities c; are given and the
boundary coordinates z; are to be determined. The ap-
proach for deriving the gradient of the impedance is similar
to that of Sec. IV for the reconstruction of a flaw surface.
Letting z signify a vector whose components are the num-
bers z, the differential of (40) is

N
dv[z,6z] = Z ¢; dLayer;(z). (47)
i=1 -
From (41)
dLayer,-(Z) == '——~6(z~—z,~)52,~+5(z-—z,-+1)6z,~+ 1s (48)

and substituting (48) into (47) yields

N o :
av[z,0z]= 2 ¢ —8(z—2)8z+8(z—z141)82111]-
i=1
By defining ¢,=0 and cy ;=0 and relabeling indices, this
may be written

N+l '
dv[z,6z] = 2 (c;_1—c;)6(z—z)) bz, (49)
i=1
Substituting (49) into (25) now gives the incremental
change in impedance due to the incremental change 8z in
the boundary coordinates z
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N1

dZ[z,8z] = —0y 2 (¢i1—c;)
i=1

X ( J- J‘ E(x, :Zi) 'E(-x’y9zi)dxdy)621;

N+1
= 2 (V2);8z
i=1
which shows that the ith component of the gradient of the
impedance is

(VZ);=—(0s_1—0))

X f f E(x:y9zi)'E(xay:zi)dxdy, (50)
where, from (43), o;_;—o0; was substituted for oy(c;_,
—¢;). Substituting (50) into (44) gives (Vif),, and the
steepest-descent update becomes

=" a (V& ), (51)

C.Case 3

Here we consider a single layer of unknown thickness
d and unknown normalized conductivity ¢ on a substrate of
known normalized conductivity c,. Equation (42) then be-
comes

v(z) =c Layer(z) +¢, Layer(z), (52)

where Layer(z) and Layer,(z) represent, respectively, the
overlying layer and the substrate

Layer(z) = H(z) — H(z—d),

(53)
Layer,(z) =H(z—d). (54)
Assuming ¢, is known, the variation of (52) is
dv{c,d;6¢,6d ] =6c Layer(z) +c¢ dLayer(z)
. +cydLayer(z). (55)
From (53) and (54), dLayer(z)=6(z—d)béd and

dLayer(z) = —8(z—d)bd, and (55) becomes
d)]éc
+[(c—cs)8(z—d)]éd.

dvlc,d;6¢,6d]=[H(z)—H(z—
Now substituting this into (25), and comparing to

dZ[c,d:5¢,8d) = (VZ) e+ (VZ) 54,

we obtain for the components of the gradient of the im-
pedance

. d _
(VZ)C= —0Jg J. . dZJJE(xry’z) -E(XQy’Z)dXdyy
0

(VZ) dv= —{(o— crs)ff E(x,3.d)-E(x,y,d)dxdy,
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where, from (43), the relation oy(c—c¢,) =0 — 0o, was used.
From (44), the corresponding components of the gradient
of the mean-square error are

(V#),=2Re fn W(0){Z[0,6,d] — Zas (@) }*
X [VZ(0)], do
(V#),=2Re fﬂ W (0){Z[06,d] — Zops() }*

XIVZ(®)], dw,
and the steepest descent update becomes .
c"=c"loq V&,

dn=dn—l “an(vgn—l)d.

Vil. EXAMPLE: A HEMISPHERICAL FLAW

In the low frequency limit the electric field in the con-
ductor may be expressed as the gradient of a scalar poten-
tial satisfying the Laplace equation. For simple flaws such
as a hemispherical indentation in the surface, this allows us
to make use of known static solutions to evaluate the im-
pedance. In fact, a solution found from the Laplace equa-

- tion may be regarded as the first term in a more general
solution expressed as a power series expansion in ka where
a is of the order of a characteristic linear dimension of the
flaw. We shall evaluate the first nonvanishing term in the
impedance series for a nonconducting hemispherical flaw
or radius ¢ in a uniform field and show that (26) and (28)
give the correct derivative of the impedance with respect to
the radius. B

Imaging theory allows us to reflect the hemisphere in
the surface plane to get a complete sphere. Adapting the
solution for a dielectric sphere in a uniform field'* we find
that the external field is that of a dipole and the internal
electric field is a constant given by

E=3E,, (56)

where E; is the unperturbed field due to unit current in the
probe. From (6) the flaw impedance

Z=na oo E, (57)
is found by integrating over the hemisphere.

From (26) and (28)

9z

";"0f EA(t)dt, (58)

da Sp

there being no difference between the ordinary and the
adjoint problem in the low frequency limit. 8 is a polar
angle defined with respect to an axis in the direction of the
incident field through the center of the sphere. Then E,
=3/2E,sin 6 and

Z 9 ‘”’
—=—7a’ooEs f sin® 6d 0=3ma’ooE].
da 4 0

Differentiating (57) with respect to a gives the same result
and provides a simple check on (26) and (28).

(59)
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Vili. CONCLUSIONS

Because of the inherently nonlinear nature of the eddy-
current inverse problem, an iterative algorithm of some
kind seems to be the most promising approach for general
problems. We have shown how to develop such an algo-
rithm based on the mean-square error criterion. A crucial
part of this development is the derivation of the gradient of
the mean-square error, which in turn is expressed in terms
of the gradient of the impedance. The latter gradient not
only plays an essential role in the least-squares algorithm,
but also provides information about the sensitivity of the
measurements to variations in the flaw parameters. This
gradient has been derived in continuous space before the
choice of discretization is made. A straightforward, but
very costly, approach to computing the impedance gradi-
ent is to discretize first and then compute numerically the
partial derivatives of the flaw parameters by means of finite
differences. This method would require the solution to a
separate forward problem for each parameter. The ap-
proach here is far less costly since the gradient is obtained
from the solution to a single forward problem and its ad-
joint problem. Moreover, because the gradient is derived
analytically via infinitesimal differences, it is exact, in con-
trast to a finite difference computation. The essential trick
used in deriving the gradient of the impedance is to exploit
the symmetry of the adjoint problem, thereby eliminating
the contribution due to the incremental change in the in-
ternal fields. This results in an expression for the variation
of the impedance solely in terms of the variation of the
flaw—the variation of the fields do not appear. We empha-
size that this result, though based on a continuous-space
formulation, can be exploited in deriving the gradient of
the impedance for any desired discretization or parameter-
ization of the flaw. Several simple flaw examples have been
given illustrating methods of reducing the problem to one
whose solution lies in a finite dimensional parameter space.

It is finally worth remarking that other cost criteria
besides the mean-square deviation are possible. An alter-
native criterion is the mean-absolute deviation, which may
be less sensitive to large or anomalous errors in the data.
Whatever cost criterion is used, however, the gradient of
the impedance still needs to be computed. In this sense, the
usefulness of our results, such as Eq. (24) for VZ, is not
confined to the particular choice of the mean-square error
criterion. ‘

A future objective will be to test the inversion meth-
odology described above 6n experimental impedance data
derived from artificial flaws, initially of very simplé geom-
etry (e.g., a layered system) and then of more complex
shape.
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APPENDIX A

We derive here an explicit formula for the step-size
parameter ¢, in the steepest descent update Eq. (11). An
essentially identical derivation can be used to obtain the
conjugate-gradient step-size parameter «, in (12). This
formula is also given below. We conclude the appendix
with review of the conjugate-gradient algorithm.

Begin by writing (11) as follows :

U(a)=vn—-l_av.g[un—1]: (A1)

where here v(a) should be regarded as a function of the
scalar a¢ with v,,_; and V&[v,_,] held fixed. The optimum
a, denoted ,, is then the value that minimizes the mean-
square error & [v(a)]. The next update is then v,=v(«,),
while the previous update was v,_;=v(0). Thus, holding
v,_, and V& constant, the variation in v(a) due to a
change in a is from Eq. (Al)

Sv=—58aV¥. (A2)

By substituting (A2) into (15), Qe_ obtain the incremental
change in the impedance due to the change éa

Z
dZ[o,ba]l=—6a f VZ(r)V¥ (r)drsgﬁa,
which implies

aZ '

—=— fVZ(r)Vg(r)dr, (A3)
da .

where VZ(r) and V#(r) are given by (24) and (16),
respectively. Similarly, for the discrete case

oz o
—_—__Z(VZ),-(VZ),-,a ,

3a (A4)

where (VZ); and (V& ); are given by (34) and (36), re-
spectively.

Thus far, we have made no approximations. We now
wish to find an estimate of the a that gives the greatest
reduction in the mean-square error in the diréétion of V&,
Write Z(a)=Z[v(a)], so from (Al), Z(0)=Z[v,_{]
=Z,_, and expand Z(&) in a Taylor series about a=0

n——l+&,(a.2)..uf

Z(a)=2Z, 1+a—3-

(AS)
Although a may itself not be small, we shall neglect the
second-order term & (a?) in (AS5) because this term can
be shown also to be second order in the scattered field due
to the flaw, whereas the term first order in o in (AS5) is first
order in the scattered field. If the second-order term were
kept, it would contribute a term of one higher order in the
scattered field (i.e., third order) than any of the terms in
the equations that follow. (In fact, if we were dealing with
a linear least-squares problem, i.e., if Z were a linear func-
tion of v, then the second-order term in (AS) would van-
ish, and the expression (A9) below for a would be exact.)
Thus, dropping & (a?) in (A5) and substituting into (7)'
gives '
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% (a) = fM W(m) | Z(a) — Zgps| *dm

aZn—l 2
=f W(m)
M

Z, 1 —Zgs+a " da dm

=&, 1—2aP+a*Q, (A6)
where
aZn—I
PERef W(m)(Z, -1~ Zops) *—5-—dm (A7)
M (94
( wmy| 2=t 2d A8
Q=JM (m)‘ = l - (A8)

The value of a that minimizes & («) is found by differen-
tiating (A6) with respect to a and seiting the result to
Zero, giving

a=P/Q. (A9)

This is our approximate formula for a, [where the approx-
imation arose by neglecting the term of order ¢ (&) in Eq.
(A5)]. Some further insight may be gained by expanding
the mean-square error & (a) in a Taylor series about =0
0%,y 1 &%,

Ela)=%,_+a a; 1+§ot2 a;z .

Comparing this to (A6) shows that 3% ,_,/da=—2P
and 8’ ,_,/3a>=2Q. The expression for the first deriva-
tive % ,_,/0a is exact, but the second derivative is not
exact since the second-order term in (AS) was dropped.
However, as noted, the neglected term is of one higher
order in the scattered field than any of the other terms and
ignoring it should normally lead to a small error. Under
conditions where the error is not small, a better approxi-
mation could in theory be obtained at the expense of com-
puting a second forward solution corresponding to &
slightly different value of @. This new solution can then be
used fo compute a new value of P. With two values of P,
the first difference of —2P=3% ,_,/3x could be computed
numerically to give an estimate of the second derivative
3% ,_,/3a*>=2Q directly, which in turn could be used in
(A9).

‘For the conjugate-gradient algorithm, the update pa-
rameter @, is also computed using formula (A9) with one
change in the expression for dZ/da given by (A3). In this
case, the gradient V& in (A3) is replaced by - f,, where
f is the search direction in the conjugate-gradient algo-
rithm defined by the update relations (12) and (13) (see
below also).

We conclude with a review of the conjugate-gradient
algorithm. For brevity, let g,(r)=V&][v,] denote the
mean-square error gradient, where # is the iteration num-
ber. In addition, Z,= Z[m,v,] represents the solution té the
forward problem computed on the basis of the nth estimate
v, of the flaw function, and Z_,(m) denotes the measured
data.

Similarly, let E, and E, denote the predicted electric
field and its adjoint, respectively. The nth estimate of the
gradient of the impedance is then given by VZ =

(A10)
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—croE,,(r) E, (r), from Eq. (24). Assume that vy(r) is the
initial estimate of the flaw function. =

The Conjugate-Gradient Algorithm.
[n=0] (Initialization)

€o(m)=Z[m,vy] — Z,(m)

go(r)=2Re J- W(m)ey(m)*VZy(m,r)dm
M

& [vp] = JM W(m) |ey(m) |*dm

1<—n,

[n>0]

G,= J.g,,_l(r)zdr, (al)
0 ifn=1

B”=lG,,/G,,_I if n> 1, (a2)
f,,(r)=—g,,_1(r) +an,,_1(1'), (33)

8Z,, 1
fvz (O, (D), (ad)
P,,-:Ref W(m)e}¥_, ! dm, (a5)

M
azn—l 2
0= [ wim)| 5= am, (a6)
Un(r)=vn—l(r)+(Pn/Qn)fn(r), (a7)
en(m) “_"Z[m’vn] _Zobs(m)s (38)
gu(r)=2Re f W(m)e,(m)*VZ,(m,r)dm, (a9)
M
Flod= [ Wim)le,m)|am, (al0)
M

nen+1; gotoal. (all)

The algorithm terminates when &[v,] is judged sufficiently
small.

APPENDIX B

Here we derive the fundamental result of the second
section, the functional derivative of the impedance given by
(24), using an operator formalism. Given two vector fields
A(r) and B(r), define the innerproduct

(AB)= fv A(r) -B(r)dr.

Let & represent a dyadic integral operator that operates
on a vector field A

511 J. Appl. Phys., Vol. 73, No. 2, 15 January 1993

9-Asiélf G(r|r")-A(r')dr,
. Vv

where G(r|r’} is the dyadic Green’s function. Then Egs.
(6) and (4) are . ‘ .

Z=—(ED P), (B1)
and

PO= 7P, (B2)
where

L=F—vd. (B3)
Here # is the identity operator. The adjoint Eq. (19) is

EV=Z"E, (B4)
where

F=s -5,
The differential of (B1) is

dZ=—(EY,dP). (BS)
The differential of (B2) is

APV =d ¥ -P+.%dP. (B6)
Now substitute (B4) into (B35)

dZ=—(Z EdP)=—(E,.Z -dP).
From (B6)
dZ=—(E,dPY —d.¥-P). (B7)

But from (5), dP) =g, E?8v, and from (B3), d.¥=
—58v¥. Then (B8) is

dZ=—(E,(0oE?” + % -P)bv).
But ogE=0,E” + % -P, so Eq. (B8) reduces to

(B8)

dZ= —UO(E,ESU) =—0y f E(r)-E(r)dv(r)dr.

From this it follows that
VZ=—ooE(r)-E(r),
which is (24).
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